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& @ Householder QR factorization

A e R™" m>n, compute A = QR.

For active column x, = A,((k%

« atstep k,
1. choose v, and B so that Hy = I — Byviv] with Hixye = £ ||xi||2€1;

2. apply Hi to the trailing submatrix Ak HkA(k)

k:m,k:n k:m,k:n:
Rik—1,1k1 ‘ X ‘ X | Ruk—r1ket | X X
k k k k+1
A% = 0 al(<k) A/(<,3<+1;n = 0 Ik | Tk, k+1:n = Al
(k) (k) (k+1)
0 Ak+1 :m, k Ak+1 :m, k+1:n 0 0 Ak-H:m7 k+1:n

With H,, = diag(lk—1,Hk), R = H,---HAand Q = Hy---H,. (Normwise b'ward stable [Higham, '02])
m Concerns: Repeated synchronizations limit scalability; applying Hy is memory-bound BLAS2 operation
m ~ Blocking: group multiple HH reflectors and turn their rank-one updates into a BLAS3 block update
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< @ Householder QR in WY representation

Main idea. Aggregates b panel HH reflectors and update trailing matrix by BLAS3 instead of b
BLAS2 steps [Bischof & Van Loan, '87]:
Qg = Hp - HzHy = I+ Wi Yy

For active submatrix [Py | T¢] at block step k,

Ri.(k=1p, 1:k=1pp | % X
R . ! .
Al _ l 1.(k—1)15,1.(k—1)b ;< ‘ : Q 0 R | Te(1:b,7) — Alk+1).
k| Tk
0 0 | [P | Tiq]

1. Factor the panel P, and construct the WY factors.
Wh=—=pvi, Yi=w,  W=[HWal-8yl, V=I[)lv], j=2....b.
Set W, = W), and Yy = ), = Vj; then Q[P = [R«] (panel factorization).
2. Update the trailing submatrix T by Ty = Ti + Wi (Y] T) and continue on [Py 1 | Tiy1]-
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" @ Householder QR in WY representation

Main idea. Aggregates b panel HH reflectors and update trailing matrix by BLAS3 instead of b
BLAS2 steps [Bischof & Van Loan, '87]:

Q] =Hp---HoHy =1+ W, Y]

For active submatrix [Py | T¢] at block step k,

Ri.(k=1p, 1:k=1pp | % X
Ry.(k— (k— Q] :
AK) — l 1:(k 1)/5,1.(k 1)b ;< ‘ : k 0 Re | Te(1:b,) — Alk+1)
k| Tk
0 0 | [P | Tiq]

1. Factor the panel P, and construct the WY factors.
Wh=—=pvi, Yi=w,  W=[HWal-8yl, V=I[)lv], j=2....b.
Set W, = W), and Yy = ), = Vj; then Q[P = [R«] (panel factorization).
2. Update the trailing submatrix T by Ty = Ti + Wi (Y] T) and continue on [Py 1 | Tiy1]-

Payoff: b BLAS2 updates — one BLAS3 block update; then repeat on the next active submatrix
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\' @ mpBQR3: High-precision panels, low-precision trailing updates

mpBQR3 [Yang, Fox, & Sanders, '21]:

1. Perform the panel QR factorization and WY construction in uy
2. Cast the WY factors to u, and apply bFMAs for the trailing WY update

1. Panel HQR 2. Outputs in uy 3. WYu
b pdate by bFMAs
castup| QIP, = [R«] |castdown| RIY: returned ¢ AT e
kPe = [Tg] . returne s (ylfyrri

0
+ WY in up: v Wl bEMA | ] 4ale]
k >k Tk “— Tk + Wk Sk

RlH

current
cast down| 4. Return

h h
ko Y,[( ! W,E : operands
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@ mpBQR3: High-precision panels, low-precision trailing updates

mpBQR3 [Yang, Fox, & Sanders, '21]:

1. Perform the panel QR factorization and WY construction in uy
2. Cast the WY factors to u, and apply bFMAs for the trailing WY update

1. Panel HQR 2. Outputs in uy 3. WYu
b pdate by bFMAs
castup| QIP, = [R«] |castdown| RIY: returned ¢ AT e
wPr = [ 0 ] . returne 31[<] o (Y,[(])TT,[(]

+ WY in up: v Wl bEMA | ] 4ale]
R[h] k > "k Tk — Tk +Wk Sk

current

banel cast down| 4. Return

(€
Pk

h h
ko Y,[( ! W,E : operands

m High-precision computational cost: P, has m, rows, O(myb?) per block step ~-
overall O(mnb) flops in u, (dominant work remains in the bFMA)

m Casting overhead: O(myb) per block step ~~ ©(mn) overall
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@ Applications of low-precision QR factorization

m Jacobi SVD preprocessing: as a preconditioner before low-precision SVD, followed by
working-precision reorthogonalization and one-sided Jacobi [Gao, Ma, & Shao, '25]

m Least-squares iterative refinement: used to obtain the initial solution and construct the
preconditioner for GMRES-based iterative refinement [Carson, Higham, & Pranesh, '20]

® QR-based CP-ALS: solves the least-squares subproblems in CP rounding via ALS [Zhang et
al., '26]

m Schur-based refinement: initial approximations for Sylvester equations [Dmytryshyn et al.,
'25] and matrix square roots [Gao, Kressner, & Shao, '26] are computed from a low-precision
Schur decomposition
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@ mpWYQR: High-precision only in norm evaluations

mpWYQR: High-precision used only in norm evaluations within the panel factorization, u, for all
other operations, including WY updates.

For active column x € RY, form one HH reflector:

1. Compute p = ||x||, in u, and convert the result to u,.
2. o= —sign(x1)p, W=X—ae

3. Compute v = ||w||, in u, and convert the result to u,.
4. v=w/y, B=2/(Tv)
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@ mpWYQR: High-precision only in norm evaluations

mpWYQR: High-precision used only in norm evaluations within the panel factorization, u, for all
other operations, including WY updates.

For active column x € RY, form one HH reflector:

1. Compute p = ||x||, in u, and convert the result to u,.

2. o= —sign(x1)p, W=X—ae

3. Compute v = ||w||, in u, and convert the result to u,.

4. v=w/y, B=2/(Tv)

m High-precision computational cost: two norm evaluations per column ~ overall 4mn — 2n?
flops in up

m Casting overhead: two scalar conversions in registers per column ~~ O(n) overall, with no
array data movement
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@ Performance and accuracy for square matrices in fp16—fp32

m=n Method ||A—QR| [[Q"Q—/|,

rel. err. v rel. err. 3 Time (s)

IWYQR  8.56e—2  9.95¢—2 6.73e—1 3.59e—2  0.33
4000 MPWYQR 6.00e—3  7.93¢—3 6.33¢—1 3.22¢—2  0.32
mpBQR3  59Te—3  7.71e—3 5.20e—1 2.83e—2  0.57
rWYQR 543c—1  6.18e—1 8.13e—1 2.10e—2 161
12000 MpWYQR  5.65¢—3  7.55e—3 6.72¢—1 1.85¢—2  1.50
mMpBQR3  5.54c—3  7.4Tc—3 6.8%9e—1 1.97c—2  5.09
WYQR - - - - -
36000 mMpWYQR  3.57e—3  5.52¢—3 7.29e—1 1.33¢—2  30.14
MpBQR3  3.34e—3  55le—3 7.44e—1 130e—2  58.16
rWYQR - - - - -
42000 mMpWYQR  3.07e—3  5.23¢—3 7.38e—1 1.16c—2  57.79
mpBQR3  3.15¢—3  5.16c—3 7.45¢—1 125c—2  79.6

m r'WYQR overflows at n = 36000

Setup:

m A c R™"Mji.d. entries from
U(-1,1); each column scaled
to unit co-norm

m Block size: n, = 64

m rWYQR uses fp16 throughout
(via the Low Precision
Fortran library [K6hler &
Benner, '26]).

= mpWYQR changes only the
norm evaluations to fp32

m mpWYQR retains mpBQR3-level accuracy, and is about 1.4-3.4x faster
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2 @ Cost comparison of mpBQR3 and mpWYQR

Block size b, The leading factorization work F(m, n) = 2mn? — Zn3.

Computation cost in uy, u; / bFMA work Precision-conversion overhead
mpBQR3 O(mnb) F(m,n)+ O(mnb) bFMA O(mn) array entries
mpWYQR 4mn — 2n? F(m,n) + O(mnb) 0 array; 2n scalar conversions

m mpWYQR has less high-precision computational cost & substantially lower
precision-conversion overhead than mpBQR3

Xiaobo Liu, xliu@mpi-magdeburg.mpg.de Reduced- and Mixed-Precision Block Householder QR


mailto:xliu@mpi-magdeburg.mpg.de

2 @ Loss-of-orthogonality bounds

Lemma: backward error for applying a HH reflector P = | — svv' to a vector
§="fle(b—BVED)) = (P+ AP, AP, < camis amizs + O(emaa ams2s)
provided e4m+a, am+25 := (4m + 4)up + (4m + 25)u, < 1.

mpWYQR: mpBQR3:

Provided eam4, am+25 < 1, With N =n/b, let ¥ ~(s) 2 Ck”S s € {h, ¢} and

—ckus’

Ha_QHF’Sn\/m54m+4,4m+257 HQB_QH s \/_(V(é)e;_nry ()h>)
HaTa_IHFSzn\/r_n54m+4,4m+25- HQBQB—IH < 2vn (55 +mil)

[Yang, Fox, & Sanders, '21]

m mpWYQR bound not applicable in fp16—-fp32 for m > 506
m Key advantage of mpBQR3: no mu, factor in the first-order bound
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@ Numerical experiments on an fp16-fp32 CPU platform

Software and hardware environment

Experimental parameters

m Fortran support: Low Precision Fortran
provides fp16 data types, arithmetic, and
low-precision BLAS/LAPACK interfaces in
Fortran [K6hler & Benner, '26]

m BLAS library: fp16 GEMM is provided by Intel
MKL; the implementation is CPU-only

m Compute server: Intel Xeon Platinum,
Emerald Rapids series, with native AVX-512
fp16 arithmetic

m Precision and blocking:
(ug, up) = (fpl6, fp32), with b = 64

m Timing: the average over five runs is
reported at each case

m Test matrices: A ¢ R™*", a;; NS Uu-=1,1).
Each column is scaled as a; < a;/ max; |ajj],
so [[af, =1
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sgeqrt: single-precision LAPACK blocked Householder QR routine

Runtime ratio (> 1: mpWYQR faster) Accuracy range of mpWYQR

| | | | |
2.92¢-3 < ||A—QR|| < 6.00e-3,
3 1 513e—3 <[|Q"Q ||, < 7.94e-3.

| """ 1 II """ “II

T T T T T
1k 2k 4k 10k 26k
m=n

lumps2 sgeqrt I 1 mpBQR3
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sgeqrt: single-precision LAPACK blocked Householder QR routine

Runtime ratio (> 1: mpWYQR faster) Accuracy range of mpWYQR

2.92e—3 < ||A - QR||; < 6.00e—3,
513¢—3 <(|Q"Q — /|| < 7.94e-3.

________ m n < 2k: non-GEMM costs dominate

2?
o I| I
0 I I m mpWYQR becomes competitive

_____ the runtime
T T T T T once GEMM dominates (n > 4k)
1k 2k 4K 10k 26k
m=n m 3.1x faster than mpBQR3 at

n =10k
m 2.4x faster than sgeqrt at n = 26k

lumps2 sgeqrt I 1 mpBQR3
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Runtime ratio (> 1: mpWYQR faster) Accuracy range of mpWYQR

10 i 6.69¢e—4 < ||A — QR||; < 1.10e-3,
g 5.67e—5 < [|[Q"Q — ||, < 1.83e—4.
6 i
.-
0 20k 4k To0k 320k
m

Inp32sgeqrt  HImpBQR3
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Runtime ratio (> 1: mpWYQR faster) Accuracy range of mpWYQR

10 i 6.69¢e—4 < ||A — QR||; < 1.10e-3,
5.67e—5 < [|[Q"Q — ||, < 1.83e—4.

6 - —
m mpWYQR up to 9.0x faster than
4 i mpBQR3 and 5.9 x faster than
2 u sgeqrt
0 ' D | B | I (| 1 m rWYQR overflows from m = 40k

(time ratio not reported)

10k 20k 40k 100k 320k m The drop near 320k is due to lower
m MKL fp16 GEMM performance on
tall-skinny matrices

T

Inp32sgeqrt  HImpBQR3
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We discussed three reduced- and mixed-precision block Householder QR factorizations:

m mpWYQR evaluates norms in high-precision and stabilizes reflector construction by
avoiding fp16 range failures (as observed on rWYQR) ~~ remains u,-level accuracy

m mpWYQR is less memory-bound than mpBQR3 and is faster (up to 3.1x form = n and
9.0x form > n).

m Existing error bounds for mpWYQR in general too pessimistic to explain the observed
numerical behavior

m GPU implementation? Potential to outperform the CPU implementation while
retaining comparable numerical accuracy

m Preprint on the way :), Ongoing work: stress tests on more badly-scaled matrices from
BlockStab [BlockStab, '24]

Thanks you — Questions / Comments?
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