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Floating-point arithmetics

Typical (normalized) floating-point format

s E = (e1 · · · ew)2 f1 · · · ft−1

1 bit w bits t− 1 bits

x = (−1)s · (1.f1 · · · ft−1)2 · 2E−(2w−1−1), 2w−1 − 1 the exponent bias

Table: Parameters of four floating point formats.

Signif. Exp.
Type bits (t) bits (w) Range u = 2−t

bf16 8 8 10±38 3.9× 10−3

fp16 11 5 10±5 4.9× 10−4

fp32 24 8 10±38 6.0× 10−8

fp64 53 11 10±308 1.1× 10−16

• Lower precision ⇝ faster flops, less communication, lower energy
consumption.
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Use of low and mixed precisions

When to use low precision?

Only low accuracy needed

To balance other sources of errors:
model reduction, approximation (e.g., low rank, discretization)

Self-correction mechanism available (e.g., iterative refinement) ✓

⇝ Mixed-precision algorithm selects different precisions for different parts
of computation to improve performance while guarantee accuracy and
stability.
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The Sylvester matrix equations

A

⏞ ⏟⏟ ⏞
m×m

X + X B⏞⏟⏟⏞
n×n

= C

⏞⏟⏟⏞
m×n

Applications in block diagonalization • perturbation theory for matrix
functions • system balancing • control • model reduction, etc.

The setting:

• Dense coefficients of moderate size ⇝ say, max(m,n) ≲ 104

• No enforced structure

⇝ Method of choice: Bartels–Stewart algorithm (Bartels & Stewart, ’72).

To do: find X utilizing two precisions: high (working) prec. + low prec.
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The Bartels–Stewart algorithm

A X + X B = C

1. Comput. Schur decompositions:

A = UA TA U∗
A , B = UB TB U∗

B

2. Solve by substitution

TA Y + Y TB = ˜︁C , ˜︁C = U∗
ACUB

3. Return X := UAY U∗
B
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Towards a mixed-precision algorithm

1. Compute the Schur decomposition A =: UATAU
∗
A ▷ 25m3

2. Compute the Schur decomposition B =: UBTBU
∗
B ▷ 25n3

3. Compute ˜︁C := U∗
AC UB ▷ 2mn(m+ n)

4. Solve TA Y + Y TB = ˜︁C for Y ▷ mn(m+ n)

5. Return X := UAY U∗
B ▷ 2mn(m+ n)

Observations

Steps 1 and 2 to be performed in low precision

Low-precision Schur factors ⇝ steps 3–5 will have to change

⇝ Our idea

1. Low-precision triangular factors available ⇝ Use iterative refinement
(IR) to solve a “near-by” equation to step 4.: coefficient matrices
being low-precision triangular factors + small perturbation.

2. Re-orthonormalize or explicitly invert low-precision unitary factors
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IR for perturbed triangular equation

Goal: solve (TA +∆A)⏞ ⏟⏟ ⏞
TA low-prec.

Y + Y (TB +∆B)⏞ ⏟⏟ ⏞
TB low-prec.

= U∗
ACUB⏞ ⏟⏟ ⏞

UA, UB unitary to high-prec.

=: D

1 k ← 0

2 while ∥∆Y ∥ > ε do

3 Rk ← D − (TA +∆A)Y k + Y k(TB +∆B)

4 Solve TA∆Y +∆Y TB = Rk for ∆Y using Bartels–Stewart

5 Y k+1 ← Y k +∆Y

6 k ← k + 1

7 end

8 return Y k

Cost: 3kmn(m+ n) flops

• Sufficient convergence condition: ∥∆A∥2 + ∥∆B∥2 < sepF (TA,−TB)
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Mixed-precision algorithm
Via re-ortho. low-precision unitary factors

1 Compute Schur decompositions A = UATAU
∗
A ▷ in low-precision uℓ

2 Compute Schur decompositions B = UBTBU
∗
B

3 Compute QR decompositions UA = QARA, UB = QBRB ▷ re-ortho.

4 ∆A ← Q∗
AAQA − TA

5 ∆B ← Q∗
BBQB − TB

6 D ← Q∗
ACQB

7 Solve TAY + Y TB = D for Y

8 while ∥∆Y ∥ > ε do

9 R← D − (TA +∆A)Y + Y (TB +∆B)

10 Solve TA∆Y +∆Y TB = R for ∆Y using Bartels–Stewart

11 Y ← Y +∆Y

12 end

13 X ← QAY Q∗
B
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Mixed-precision algorithm
Via inverting low-precision unitary factors

1 Compute Schur decompositions A = UATAU
∗
A ▷ in low-precision uℓ

2 Compute Schur decompositions B = UBTBU
∗
B

3 Compute LU decompositions of U∗
A and UB

4 ∆A ← U∗
AAU−∗

A − TA

5 ∆B ← U−1
B BUB − TB

6 D ← U∗
ACUB

7 Solve TAY + Y TB = D for Y

8 while ∥∆Y ∥ > ε do

9 R← D − (TA +∆A)Y + Y (TB +∆B)

10 Solve TA∆Y +∆Y TB = R for ∆Y using Bartels–Stewart

11 Y ← Y +∆Y

12 end

13 X ← U−∗
A Y U−1

B
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When is low precision worth it?

Cost of mixed precision algorithms

Re-orthonornalization

25(m3 + n3) +mn(m+ n) low-precision flops

6(m3 + n3) + (4 + 3k)mn(m+ n) high-precision flops

Inversion

25(m3 + n3) +mn(m+ n) low-precision flops

4 2
3 (m

3 + n3) + (4 + 3k)mn(m+ n) high-precision flops

Cost of Bartels–Stewart

25(m3 + n3) + 5mn(m+ n) high-precision flops

How do these costs compare?
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Computational cost in mixed precision

Model for computational cost

ρ =
average time of low-precision flop

average time of high-precision flop

ρ = 0 low-precision flops are negligible

ρ = 1 low- and high-precision flops have same cost

ρ > 1 simulated low precision

0 ≤ ρ≪ 1 on emerging hardware, e.g., GPUs
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Computational cost in mixed precision

Normalised computational cost (in high precision)

CN = Ch + ρ · Cℓ

Ch: number of high-precision flops

Cℓ: number of low-precision flops

Each flop in Cℓ is multiplied by ρ.
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How many iterations can we afford?

Maximum number of iterations

⌊φ(ρ)⌋ , φ(ρ) =
CBS(m,n)− Cni

N (m,n)

Cit
N (m,n)

where

CBS(m,n): cost of Bartels–Stewart in high precision

Cni
N (m,n): normalised cost of the non-iterative part of new algorithm

Cit
N (m,n): normalised cost of one iteration of the refinement scheme
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At most 6 iterations when m = n

0 0.2 0.4 0.6 0.8 1

−2

0

2

4

6

ρ

It
er
at
io
n
s

φ(ρ)

⌊φ(ρ)⌋

(a) Re-orthonormalization-based.
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(b) Inversion-based.

• ρ = mean time of low-precision flop
/︂
mean time of high-precision flop
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Experiments setup

Algorithms

sylv: the built-in MATLAB function sylvester

mp orth: MATLAB implementation of re-ortho.-based algorithm

mp inv: MATLAB implementation of inversion-based algorithm

Refinement tolerance: 1e-12·max(m,n)

Test set

19 Sylvester equations from the literature, size 31–1,668

Precisions

TensorFloat-32, simulated by CPFloat (Fasi & Mikaitis, ’23)

Custom. 24-bit format: 16-bit signif., same range as TensorFloat-32

binary64 (high precision)
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Relative residual and number of iterations
Low-precision = TensorFloat-32
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(c) Relative residual.
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ρ ≤ 0.2
mp orth

mp inv

(d) Number of iterations.

• Faster than Bartels–Stewart in most cases if ρ ≤ 0.2 for tf32/fp64

• tf32 31.3× faster on GB200 TC (90 PFLOPS/2880 TFLOPS) (NVIDIA, ’25)
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Relative residual and number of iterations
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The Lyapunov matrix equations

Low-rank (algebraic) Lyapunov equations

A⏞ ⏟⏟ ⏞
n×n

X + X AT = − L LT

⏞ ⏟⏟ ⏞
W=LLT

or − L S LT

⏞ ⏟⏟ ⏞
W=LSLT

L ∈ Rn×m, S = ST ∈ Rm×m, m≪ n.

Applications in control theory, system balancing, and model reduction, . . .

• n ∼ 104 or beyond

• Reλi(A) < 0, W is PSD

• X is PSD & has small numer. rank:

∥X −Xε∥ ≤ u∥X∥, rank(Xε)≪ n

⇝ Look for X = ZZT , factor Z ≈ low-rank matrix (Komaroff, ’88).
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Iterative refinement for linear systems
A mixed-precision framework for Ax = b

For Ax = b, use three prec. ur ≤ u ≤ us: (Carson & Higham, ’18)

u, working precision

us, solving correction equation

ur, residual computation

1 Solve Ax = b in us and store x at u

2 repeat

3 Comput. r = b−Ax at ur and round r to us

4 Solve Ad = r at us and store d at u

5 x← x+ d at u.

6 until converge

• Backward error of O(u), subject to κ(A)
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Adapt to low-rank Lyapunov equations

• Existing work: Solving AX +XAT + LLT = 0 in two-prec. iterative
refinement (IR) (Benner et al., ’11).

fp32-fp64 Implementation in hybrid CPU–GPU platforms

Chol-type solution factor Z of X = ZZT

No rounding error analysis

• Our contributions:
Generalize to LDLT -type sol’n factor X = ZY ZT ⇝ allowing
indefinite solution iterates

Mixed-precision error analysis for both types
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mpIR for low-rank Lyapunov equations
LDLT -type formulation

Comput. X = ZY ZT of AX +XAT + LSLT = 0.

1 Solve AX +XAT + LSLT = 0 in us and store Z and Y at u

2 repeat

3 Comput. R(Z, Y ) := AZY ZT + ZY ZTAT + LSLT = L∆S∆L
T
∆

at ur and round L∆ and S∆ to us

4 Solve AX∆ +X∆A
T + L∆S∆L

T
∆ = 0 at us and store Z∆ and Y∆

(of X∆ = Z∆Y∆Z
T
∆) at u

5 Find factors Z and Y of the nearest PSD matrix to X ← X +X∆

at u. ▶ RHS not PSD & Y , Z obtained without forming n× n matrices

6 until converge

• O(n2) flops in precisions higher than us: residual computation &
solution update,
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LDLT -type residual decomposition

1. Rewrite R(Z, Y ) = AZY ZT + ZY ZTAT + LSLT as

R(Z, Y ) =
[︁
Z AZ L

]︁ ⎡⎣ 0 Y 0
Y 0 0
0 0 S

⎤⎦⎡⎣ ZT

ZTAT

LT

⎤⎦
=: FNF T , F tall and skinny (as Z and L are).

2. Compute thin QR factorization F = UT , form H = TNT T , and
compute spectral decomposition H = QΛQT .

3. Perform eigenvalue truncation and drop |λi| < ηr,

R(Z, Y ) ≈ UQtΛtQ
T
t U

T =: L∆S∆L
T
∆,

where
L∆ = UQt, S∆ = Λt.
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LDLT -type solution factor update

Update Z and Y with Z∆ and Y∆.

1. Form

G :=
[︁
Z Z∆

]︁
, G tall and skinny, and Υ =

[︃
Y

Y∆

]︃
.

2. Comput. thin QR factorization G = V Γ, form K = ΓΥΓT , and
compute spectral decomposition K = ΘΣΘT .

3. Perform eigenvalue truncation and drop σi < ηs,

Znew = VΘt, Ynew = Σt,

such that
Xnew ≈ VΘtΣtΘ

T
t V

T = ZnewYnewZ
T
new.

Xiaobo Liu, xliu@mpi-magdeburg.mpg.de Mixed-precision algorithms for linear matrix equations 22/33

mailto:xliu@mpi-magdeburg.mpg.de


LDLT -type solution factor update

Update Z and Y with Z∆ and Y∆.

1. Form

G :=
[︁
Z Z∆

]︁
, G tall and skinny, and Υ =

[︃
Y

Y∆

]︃
.

2. Comput. thin QR factorization G = V Γ, form K = ΓΥΓT , and
compute spectral decomposition K = ΘΣΘT .

3. Perform eigenvalue truncation and drop σi < ηs,

Znew = VΘt, Ynew = Σt,

such that
Xnew ≈ VΘtΣtΘ

T
t V

T = ZnewYnewZ
T
new.

Xiaobo Liu, xliu@mpi-magdeburg.mpg.de Mixed-precision algorithms for linear matrix equations 22/33

mailto:xliu@mpi-magdeburg.mpg.de


LDLT -type solution factor update

Update Z and Y with Z∆ and Y∆.

1. Form

G :=
[︁
Z Z∆

]︁
, G tall and skinny, and Υ =

[︃
Y

Y∆

]︃
.

2. Comput. thin QR factorization G = V Γ, form K = ΓΥΓT , and
compute spectral decomposition K = ΘΣΘT .

3. Perform eigenvalue truncation and drop σi < ηs,

Znew = VΘt, Ynew = Σt,

such that
Xnew ≈ VΘtΣtΘ

T
t V

T = ZnewYnewZ
T
new.

Xiaobo Liu, xliu@mpi-magdeburg.mpg.de Mixed-precision algorithms for linear matrix equations 22/33

mailto:xliu@mpi-magdeburg.mpg.de


Convergence bounds in two precisions

Table: Condition number bounds and limiting residuals, given a stable solver.

Bound on Limiting
us ur = u κF (L) residual

bf16
fp32

103

fp32fp16 104

fp32 108

bf16

fp64

103

fp64
fp16 104

fp32 108

fp64 1016
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Sign function Newton iteration
As the solver in mpIR

• Sign function Newton iteration as an LDLT -type solver (Roberts, ’80):

AX +XAT +W = 0, W = LSLT , X = ZY ZT .

Easy but robust implementation

Excellent parallelism

Rich in level-3 BLAS

• Other solvers are also applicable, provided Chol/LDLT -type solution
factors are returned
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Sign function Newton iteration
Iterating on solution factors

For µk−1 > 0, iterate (Larin & Aliev, ’93; Benner & Quintana-Ort́ı, ’99)

Ak =
1

2

(︁
µk−1Ak−1 + µ−1

k−1A
−1
k−1

)︁
, A0 = A,

Zk =
[︁
Zk−1 A−1

k−1Zk−1

]︁
, Z0 = L,

Yk =
1

2

[︃
µk−1Yk−1

µ−1
k−1Yk−1

]︃
, Y0 = S.

At convergence,

1

2
ZkYkZ

T
k −→ X, Z = Zk, Y =

1

2
Yk,

and
Ak −→ −I.
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Sign function Newton iteration
Rank truncation

• In each iteration, numbers of columns of Zk and Yk double, leading to
exponential storage growth:

Ak =
1

2

(︁
µk−1Ak−1 + µ−1

k−1A
−1
k−1

)︁
, A0 = A,

Zk =
[︁
Zk−1 A−1

k−1Zk−1

]︁
, Z0 = L,

Yk =

[︃µk−1

2 Yk−1
1

2µk−1
Yk−1

]︃
, Y0 = S.

⇝ Resolution: rank truncation on Zk and Yk (Benner & Quintana-Ort́ı, ’99):

Subfunction [Z, Y ] = RankTruncLdlt(Z, Y )
1 Compute thin QR factorization Z = QR.

2 Compute spectral decomposition RY RT = ˜︁V ˜︁Λ˜︁V T .

3 Λ = diag(˜︁λi), i ∈ Iλ := {i | ˜︁λi > u∥˜︁Λ∥1} and V = ˜︁V ( : , Iλ)
4 Z = QV , Y = Λ
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Sign function Newton iteration
The full algorithm

Algorithm: LDLT -type sign function Newton iteration for the Lyapunov
equation AX +XAT +W = 0, W = LSLT .

1 Z0 = L, Y0 = S, A0 = A
2 for k ← 1 to kmax do
3 Ak = 1

2(µk−1Ak−1 + µ−1
k−1A

−1
k−1)

[∗] with µk−1 a form of scaling.

4 Zk =
[︁
Zk−1 A−1

k−1Zk−1

]︁
5 Yk = 1

2 blkdiag(µk−1Yk−1, µ−1
k−1Yk−1)

6 if size(Zk, 2) > ρn then [Zk, Yk] = RankTruncLdlt(Zk, Yk)
7 if ∥Ak + In∥1 ≤ τ then
8 Terminate after two more iterations.

9 Y = Yk/2

• Parameters: convergence tol: τ = 10
√
nu, rank truncation tol: ρ ≪ 1

• [*]Dominant cost each iteration: 2n3
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Iterative refinement for Lyapunov equations
Computational cost analysis

In each refinement (outer) step:

Three main steps

O(n2) flops for residual decomposition and solution factor update

Assume a flop at ur or u is no more expensive than n flops at us

Dominant cost (solver step): 2kn3 for k Newton (inner) iterations

• Dominant cost: 2(k0 + k1 + · · ·+ ki)n
3 flops in us. kℓ the number of

Newton (inner) iterations at ℓth refinement step.

• A cost balance: lower precision us ⇝ slower convergence of Newton
(inner) iteration, ki grows.
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Iterative refinement for Lyapunov equations
Alternative cost model

• Fact: in each refinement (outer) step, same sequence generated:

A−1
1 , A−1

2 , . . . , A0 = A.

⇝ Idea: reuse ˆ︁A−1
1 , ˆ︁A−1

2 , . . . across different refinement iterations

• Dominant cost: 2
∑︁i

ℓ=0 kℓn
3 2max0≤ℓ≤i kℓn

3 flops in precision us. kℓ
the number of Newton (inner) iterations at ℓth refinement step.

• Reduced computational cost & additional storage requirement:
particularly interesting when ˆ︁A−1

1 , ˆ︁A−1
2 , . . . fits into fast memory

Quantity of interest in computational cost comparison:

kσ =:
∑︁i

ℓ=0 kℓ or kmax =: max0≤ℓ≤i kℓ.

Compare computational costs for mpIR with different solver precisions:

kσlow/k
σ
high or kmax

low /kmax
high
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the number of Newton (inner) iterations at ℓth refinement step.

• Reduced computational cost & additional storage requirement:
particularly interesting when ˆ︁A−1

1 , ˆ︁A−1
2 , . . . fits into fast memory

Quantity of interest in computational cost comparison:

kσ =:
∑︁i

ℓ=0 kℓ or kmax =: max0≤ℓ≤i kℓ.

Compare computational costs for mpIR with different solver precisions:

kσlow/k
σ
high or kmax

low /kmax
high
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Numerical experiments
Experimental setting

• bf16, fp32, fp64 in MATLAB, bf16 simulated by chop (Higham & Pranesh,

’19)

• We measure, in fp64,

Res( ˆ︁Z, ˆ︁Y ) =
∥A ˆ︁Z ˆ︁Y ˆ︁ZT + ˆ︁Z ˆ︁Y ˆ︁ZTAT +W∥F
∥W∥F + 2∥ ˆ︁Z ˆ︁Y ˆ︁ZT ∥F ∥A∥F

.

Parameters

mpIR convergence tol = nu

Max (outer) refinement
steps = 50

Max (inner) Newton
iterations = 50

Runtime model

ρ =
average time of bf16 flop

average time of high-precision flop
=

tbf16
thigh

Dominant runtime in bf16 Tbf16 = 2n3kbf16 · tbf16
Dominant runtime in high Thigh = 2n3khigh · thigh

Tbf16 < Thigh ⇐⇒ kbf16
khigh

<
1

ρ
, 0 ≤ ρ ≪ 1

Xiaobo Liu, xliu@mpi-magdeburg.mpg.de Mixed-precision algorithms for linear matrix equations 30/33

mailto:xliu@mpi-magdeburg.mpg.de


Pseudorandom matrices, high precision = fp32
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bf16 mpIR faster for ρ below the markers

no reuse reuse bf16 failed

Figure: Problems 1–8 have n = 100, and problems 9–16 have n = 1000.

• Convergence in bf16/fp32 for well-conditioned problems

• GB200 line from dense rates bf16 TC/native fp32 (NVIDIA, ’25)
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Pseudorandom matrices, high precision = fp64
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Figure: Problems 1–8 have n = 100, and problems 9–16 have n = 1000.

• Convergence in bf16/fp64 for well-conditioned problems

• GB200 line from dense rates bf16 TC/fp64 TC (NVIDIA, ’25)
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• Convergence in bf16/fp64 for well-conditioned problems
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Conclusions

• Mixed-precision algorithms for two types of linear matrix equations

Sylvester matrix equations:

Schur-based ⇝ preferred for dense & moderate-sized problems

Iterative refinement for high-precision solution to triangular equation

Exploitation of easy inversion/re-orthogonalization of low-precision unitary matrix

Low-rank Lyapunov equations:

Chol/LDLT -type mixed-precision iterative refinement frameworks

Focused on sign function Newton iteration as solver

Reduced precisions such as bf16 works best for well conditioned problems

• Done, but not covered in the talk: convergence & rounding error analysis

Next?

High-performance mixed-precision implementations (low-precision Schur?)

Reduced precision with ADI/Krylov-based solver inside mpIR?

Check the preprints for more details:

arxiv.org/abs/2503.03456 and arxiv.org/abs/2510.02126

Slides available on xiaobo-liu.github.io/talks

Thank you for your attention.
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