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@ comonmon wemoos iy Floating-point arithmetics

Typical (normalized) floating-point format
| s |E=(e1-~~ew)2| oo by
1 bit w bits t — 1 bits
2= (=1)% (Lfy - fi_q)p - 287221 9w=1_1 the exponent bias

Table: Parameters of four floating point formats.

Signif. Exp.
Type bits (t)  bits (w) Range u=2""
bfl6 8 8 1038 39x 1073
fpl6 11 5 10%5 4.9 x 10~%
fp32 24 8 10%38  6.0x 1078
fp64 53 11 10£308 11 % 10716
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@ commmonewenonsn  Floating-point arithmetics

Typical (normalized) floating-point format

| s |E=(e1-~~ew)2| oo by
1 bit w bits t — 1 bits
2= (=1)% (Lfy - fi_q)p - 287221 9w=1_1 the exponent bias

Table: Parameters of four floating point formats.

Signif. Exp.
Type bits (t)  bits (w) Range u=2""
bfl6 8 8 1038 39x 1073
fpl6 11 5 10%5 4.9 x 10~%
fp32 24 8 10%38  6.0x 1078
fp64 53 11 10£308 11 % 10716

e Lower precision ~~ faster flops, less communication, lower energy
consumption.
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w.g@ comrumronaveoos i se of low and mixed precisions

When to use low precision?
m Only low accuracy needed

m To balance other sources of errors:
model reduction, approximation (e.g., low rank, discretization)

m Self-correction mechanism available (e.g., iterative refinement)
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w.g@ comrumronaveoos i se of low and mixed precisions

When to use low precision?
m Only low accuracy needed

m To balance other sources of errors:
model reduction, approximation (e.g., low rank, discretization)

m Self-correction mechanism available (e.g., iterative refinement) v/

~~ Mixed-precision algorithm selects different precisions for different parts
of computation to improve performance while guarantee accuracy and
stability.
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@ o o o The Sylvester matrix equations

A X + /X ||B| =|C
—~—
nxn
—_— —~
mXm mXn

Applications in block diagonalization e perturbation theory for matrix
functions e system balancing e control e model reduction, etc.
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@ o o o The Sylvester matrix equations

A X + /X ||B| =|C
—~—
nxn
—_— —~
mXm mXn

Applications in block diagonalization e perturbation theory for matrix
functions e system balancing e control e model reduction, etc.

The setting:

e Dense coefficients of moderate size ~~ say, max(m,n) < 10%

e No enforced structure

~~ Method of choice: Bartels—Stewart algorithm (Bartels & Stewart, '72).

To do: find X utilizing two precisions: high (working) prec. + low prec.
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@ e tonre by The Bartels—Stewart algorithm

1. Comput. Schur decompositions:

A = U U ‘B‘:‘UB‘M‘UE
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@ e tonre by The Bartels—Stewart algorithm

1. Comput. Schur decompositions:

A = U U ‘B‘:‘UB‘M‘UE

2. Solve by substitution

Y| + YE: C . C=UiCUs
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@ e tonmo oy The Bartels—Stewart algorithm

1. Comput. Schur decompositions:

A = U U ‘B‘:‘UB‘M‘UE

2. Solve by substitution

v o+ Y%: C | C=uicUp

3. Return X :=U,Y Up
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@ o o o The Bartels—Stewart algorithm

AX+XB=C
T
UATAU;;X + XUBTBUE = C

1. Comput. Schur decompositions:

A = Us Uy, B:UB\EEQUE

2. Solve by substitution

v+ Y@: |, C=uicUus

3. Return X :=U,Y Uj
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e tonre by The Bartels—Stewart algorithm

AX+XB=C

)
USUATAUAXUp + UL XUpTpULUp = U%CUp

1. Comput. Schur decompositions:

A = Us Uy, B:UB\EEQUE

2. Solve by substitution

v+ Y@: |, C=uicUus

3. Return X :=U,Y Uj
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2. Solve by substitution
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@ o o o The Bartels—Stewart algorithm

AX+XB=C

)
TAY +Y T = UZCUB, Y = U:‘XUB

1. Comput. Schur decompositions:

A = Us Uy, B:UB\EEQUE

2. Solve by substitution

v+ Y@: |, C=uicus

3. Return X :=U,Y Uj
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@ svetews ano controLtieony  Towards a mixed-precision algorithm

1. Compute the Schur decomposition A =: UsT4U} 1 25m3

2. Compute the Schur decomposition B =: UgTBU}; 1 2503

3. Compute C := UiCUg > 2mn(m + n)
4. Solve TAY +Y Ty =C for Y > mn(m 4+ n)
5. Return X :=UxY U} > 2mn(m + n)
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1. Compute the Schur decomposition A =: UsT4U} 1 25m3

2. Compute the Schur decomposition B =: UgTBU}; 1 2503

3. Compute C := UiCUg > 2mn(m + n)
4. Solve TAY +Y Ty =C for Y > mn(m 4+ n)
5. Return X :=UxY U} > 2mn(m + n)

Observations

m Steps 1 and 2 to be performed in low precision
m Low-precision Schur factors ~~ steps 3-5 will have to change
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@ svetews ano controLtieony  Towards a mixed-precision algorithm

1. Compute the Schur decomposition A =: UsT4U} 1 25m3

2. Compute the Schur decomposition B =: UgTBU}; 1 2503

3. Compute C := UiCUg > 2mn(m + n)
4. Solve TAY +Y Ty =C for Y > mn(m 4+ n)
5. Return X :=UxY U} > 2mn(m + n)

Observations

m Steps 1 and 2 to be performed in low precision
m Low-precision Schur factors ~~ steps 3-5 will have to change

~+ QOur idea

1. Low-precision triangular factors available ~» Use iterative refinement
(IR) to solve a “near-by” equation to step 4.: coefficient matrices
being low-precision triangular factors + small perturbation.

2. Re-orthonormalize or explicitly invert low-precision unitary factors
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w.@ e oo IR for perturbed triangular equation

Goal: solve (Ta+Ax)Y +Y (I'p+Ap) = UiCUpg =D
[ —_—— ——
T 4 low-prec. T low-prec. U 4, Up unitary to high-prec.
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Q‘@ e oo IR for perturbed triangular equation

Goal: solve (T'a+AA)Y + YV (Tp+ Ap) = UiCUpg =D
[ —_—— ——
T 4 low-prec. T low-prec. U 4, Up unitary to high-prec.
1 k«0

2 while [[Ay || > ¢ do

3 | R+ D—(Ta+A4)Yr+Yr(T'p+ Ap)

4 Solve T'4Ay + AyT'p = Ry, for Ay using Bartels—Stewart
5 | YVigr < Y+ Ay

6 k+Ek+1

7 end

8 return Y
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Q‘@ e oo IR for perturbed triangular equation

Goal: solve (T'a+AA)Y + YV (Tp+ Ap) = UiCUpg =D
[ —_—— ——
T 4 low-prec. T low-prec. U 4, Up unitary to high-prec.
1 k«0

2 while [[Ay || > ¢ do

3 | R+ D—(Ta+A4)Yr+Yr(T'p+ Ap)

4 Solve T'4Ay + AyT'p = Ry, for Ay using Bartels—Stewart
5 | YVigr < Y+ Ay

6 k+Ek+1

7 end

8 return Y

Cost: 3kmn(m + n) flops
e Sufficient convergence condition: [[A4ll2 + [|AB|l2 < sepp(T'a,—T5)
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SYSTEMS AND CONTROL THEORY

@ COMPUTATIONAL METHODS IN Mixed-precision algorithm

Via re-ortho. low-precision unitary factors

1 Compute Schur decompositions A = U4T4U} > in low-precision
2 Compute Schur decompositions B = UgTrU};

3 Compute QR decompositions Uy = Q R4, Ug = QpRp > re-ortho.
4 Ay QUAQa — Ty

5 Ap <+ Q3BQp —Tg

6 D+ Q,CQB

7 Solve TyY + YT =D for ¥V

8 while ||Ay || > ¢ do

9 R+ D —(Ta+AA)Y +Y (T + Ap)

10 Solve T4 Ay + Ay T = R for Ay using Bartels—Stewart

11 Y« Y+ Ay
12 end
13 X <+ QaYQ%
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SYSTEMS AND CONTROL THEORY

@ COMPUTATIONAL METHODS IN Mixed-precision algorithm

Via inverting low-precision unitary factors

1 Compute Schur decompositions A = U4T4U} > in low-precision

2 Compute Schur decompositions B = UgTrU};
3 Compute LU decompositions of U’} and Up

4 Ay UjAU" =Ty

5 Ap UngUB —Tp

6 D+« U,CUp

7 Solve TyY +YTg =D for ¥

8 while ||Ay || > ¢ do

9 R+ D —(Ta+AA)Y +Y (T + Ap)

10 Solve T4 Ay + Ay T = R for Ay using Bartels—Stewart
11 Y« Y+ Ay

12 end

13 X« U YUG!
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Q‘@ e ooy When is low precision worth it?

Cost of mixed precision algorithms

m Re-orthonornalization
m 25(m> + n3) + mn(m + n) low-precision flops

m 6(m> +n?) + (4 4 3k)mn(m + n) high-precision flops

m Inversion
m 25(m3 + n3) + mn(m + n) low-precision flops

m 42(m® +n®) + (4 + 3k)mn(m + n) high-precision flops

Cost of Bartels—Stewart

m 25(m? + n?) + 5mn(m + n) high-precision flops
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Q‘@ e ooy When is low precision worth it?

Cost of mixed precision algorithms

m Re-orthonornalization
m 25(m> + n3) + mn(m + n) low-precision flops

m 6(m> +n?) + (4 4 3k)mn(m + n) high-precision flops

m Inversion
m 25(m3 + n3) + mn(m + n) low-precision flops

m 42(m?® +n?) + (4 + 3k)mn(m + n) high-precision flops
Cost of Bartels—Stewart
m 25(m? + n?) + 5mn(m + n) high-precision flops

How do these costs compare?

Xiaobo Liu, xliu@mpi-magdeburg.mpg.de Mixed-precision algorithms for linear matrix equations
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Q&?@ svsems ano controL Teory  Computational cost in mixed precision

Model for computational cost

_ average time of low-precision flop
~ average time of high-precision flop
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COMPUTATIONAL METHODS IN

svstems ano controL Tieory - Computational cost in mixed precision

Model for computational cost

_ average time of low-precision flop
~ average time of high-precision flop

p =0 low-precision flops are negligible
p= low- and high-precision flops have same cost
p>1 simulated low precision
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A COMPUTATIONAL METHODS IN . . . - .
Q&?@ svsems ano controL Teory  Computational cost in mixed precision

Model for computational cost

_ average time of low-precision flop
~ average time of high-precision flop

p =0 low-precision flops are negligible
p =1 low- and high-precision flops have same cost
p>1 simulated low precision

0 < p < 1|on emerging hardware, e.g., GPUs

Xiaobo Liu, xli i 4 i ision algorithms for linear matrix equati
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COMPUTATIONAL METHODS IN . . . . .
@ svstems ano controL Tieory - Computational cost in mixed precision

Normalised computational cost (in high precision)

Cn=Cr+p-Cy

m C}: number of high-precision flops

m Cy: number of low-precision flops

Each flop in C; is multiplied by p.

Xiaobo Liu i 4 i ision algorithms for linear matrix equations
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@ svrews ano controLeony - HOW many iterations can we afford?

Maximum number of iterations

le(p)],  lp)

where

m Cpg(m,n): cost of Bartels—Stewart in high precision
[ C]’(,i(m,n): normalised cost of the non-iterative part of new algorithm

m C(m,n): normalised cost of one iteration of the refinement scheme

pi-magdeburg.mpg.de Mixed-precision algorithms for linear matrix equations
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comutamionALMETHODS IN - At most 6 iterations when m = n

(a) Re-orthonormalization-based. (b) Inversion-based.

e p = mean time of low-precision rop/mean time of high-precision flop
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@ comiosceonet  Experiments setup

Algorithms
m sylv: the built-in MATLAB function sylvester

m mp_orth: MATLAB implementation of re-ortho.-based algorithm

m mp_inv: MATLAB implementation of inversion-based algorithm
Refinement tolerance: 1le-12- max(m,n)
Test set

m 19 Sylvester equations from the literature, size 31-1,668
Precisions

m TensorFloat-32, simulated by CPFloat (Fasi & Mikaitis, '23)

m Custom. 24-bit format: 16-bit signif., same range as TensorFloat-32

m binary64 (high precision)

Xiaobo Liu, xliu@mpi-magdeburg.mpg.de Mixed-precision algorithms for linear matrix equations


mailto:xliu@mpi-magdeburg.mpg.de

1072
1076
10—10
10—14

10—18

COMPUTATIONAL METHODS IN Relative residual and number of iterations

SYSTEMS AND CONTROL THEORY . .
Low-precision = TensorFloat-32

— p<0.2
I 0 mporth ||
00 mp_inv

JinEnnnnnn
15 2

10 0
Matrix 1D Matrix ID
(c) Relative residual. (d) Number of iterations.
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COMPUTATIONAL METHODS IN Relative residual and number of iterations

SYSTEMS AND CONTROL THEORY . .
Low-precision = TensorFloat-32

— p<0.2

102
.................................... 0 mporth ||
10-6 .ll mp_inv
10—10
10—14 1
1018 LAY
10 15 20
Matrix 1D Matrix ID
(e) Relative residual. (f) Number of iterations.

e Faster than Bartels—Stewart in most cases if p < 0.2 for tf32/fp64
e tf32 31.3x faster on GB200 TC (90 PFLOPS/2880 TFLOPS) (NVIDIA, "25)
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1072
1076
10710
1071

1018

COMPUTATIONAL METHODS IN

SYSTEMS AND CONTROL THEORY

Relative residual and number of iterations
Low-precision = 24-bit custom. format

; ——— 20 ] , v
— p<0.3
: 00 mporth
15 00 mp_inv
10 ]
5 P oeeoeeeeeee e . ................. .
; o LU D lnndnannon
5 10 15 20 0 5 10 15 20
Matrix 1D Matrix ID

(g) Relative residual.

(h) Number of iterations.

Xiaobo Liu, xliu@mpi-magdeburg.mpg.de
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COMPUTATIONAL METHODS IN Relative residual and number of iterations

SYSTEMS AND CONTROL THEORY . . .
Low-precision = 24-bit custom. format

20 ] : :
— p<0.3
§ 15 IS S 00 mp orth i
00 mp_inv
10 b
: 5 P oeeoeeeeeee e . ................. .
N ol il o LULDESN Dn nn innnnns
0 ) 10 15 20 0 5 10 15 20
Matrix 1D Matrix ID
(i) Relative residual. (J) Number of iterations.

e New algorithms convergent in all cases
e Faster than Bartels—Stewart in most cases if p < 0.3 for 24-bit. /fp64
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e om0 The Lyapunov matrix equations

Low-rank (algebraic) Lyapunov equations

R E e st s
| —_—

N——
nxn W=LLT W=LSLT

Le Rnxm’ S = ST c Rmxm’ m < n.

Applications in control theory, system balancing, and model reduction, ...
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e om0 The Lyapunov matrix equations
Low-rank (algebraic) Lyapunov equations

R E e st s
| —_—

N——
nxn W=LLT W=LSLT

Le Rnxm’ S = ST c Rmxm’ m < n.

Applications in control theory, system balancing, and model reduction, ...
e 1 ~ 10 or beyond

e Re);(A4) <0, Wis PSD
e X is PSD & has small numer. rank:

| X — Xc|| <u|X]|, rank(X.)<n

~ Look for X = ZZ"', factor Z ~ low-rank matrix (Komaroff, '88).
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SYSTEMS AND CONTROL THEORY

@ comeurarionaLveions v Iterative refinement for linear systems

A mixed-precision framework for Ax = b

For Ax = b, use three prec. u, < u < u,: (Carson & Higham, '18)
m u, working precision
B ug, solving correction equation

® u,., residual computation

1 Solve Az = b in us and store x at u

2 repeat
3 Comput. » = b — Ax at u, and round r to ug
4 Solve Ad = r at us and store d at u

5 T+ x+dat u.

6 until converge

e Backward error of O(u), subject to x(A)

Xiaobo Liu, xli i 4 i ision algorithms for linear matrix equati
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@ e eonmao oy Adapt to low-rank Lyapunov equations

e Existing work: Solving AX + XAT + LLT = 0 in two-prec. iterative
refinement (IR) (Benner et al., '11).

m fp32-fp64 Implementation in hybrid CPU-GPU platforms
m Chol-type solution factor Z of X = ZZ7

m No rounding error analysis
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@ e eonmao oy Adapt to low-rank Lyapunov equations

e Existing work: Solving AX + X AT + LLT = 0 in two-prec. iterative
refinement (IR) (Benner et al., '11).

m fp32-fp64 Implementation in hybrid CPU-GPU platforms
m Chol-type solution factor Z of X = ZZ7

m No rounding error analysis

e Our contributions:

m Generalize to LDL”-type sol'n factor X = ZY Z7 ~ allowing
indefinite solution iterates

m Mixed-precision error analysis for both types

Xiaobo Liu, xliu@mpi-magdeburg.mpg.de Mixed-precision algorithms for linear matrix equations
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- ¥ mplIR for low-rank Lyapunov equations
'\ﬁ«@ comvoneriose M yapunov eq

LDLT-type formulation

Comput. X = ZYZT of AX + XAT + LSLT = 0.

1 Solve AX + XAT + LSLT =0 in us and store Z and Y at u
2 repeat
3 Comput. R(Z,Y) = AZY ZT + ZY ZT AT + LSLT = LASALY

at u, and round LA and Sa to ug

6 until converge

Xiaobo Liu, xliu@mpi-magdeburg.mpg.de Mixed-precision algorithms for linear matrix equations
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LDLT-type formulation

- ¥ mplIR for low-rank Lyapunov equations
'\ﬁ«@ comvoneriose M yapunov eq

Comput. X = ZYZT of AX + XAT + LSLT = 0.

1 Solve AX + XAT + LSLT =0 in us and store Z and Y at u

2 repeat

3 Comput. R(Z,Y) = AZY ZT + ZY ZT AT + LSLT = LASALY
at u, and round LA and Sa to ug

4 Solve AXa + XAAT + LASALX =0 at us and store Za and Ya
(of XA = ZaAYaZX) at u

6 until converge

Xiaobo Liu, xliu@mpi-magdeburg.mpg.de Mixed-precision algorithms for linear matrix equations


mailto:xliu@mpi-magdeburg.mpg.de

@@ covrurmmouncwerioos v MPIR for low-rank Lyapunov equations

LDLT-type formulation

Comput. X = ZYZT of AX + XAT + LSLT = 0.

1 Solve AX + XAT + LSLT =0 in us and store Z and Y at u

2 repeat

3 Comput. R(Z,Y) = AZY ZT + ZY ZT AT + LSLT = LASALY
at u, and round LA and Sa to ug

4 Solve AXa + XAAT + LASALX =0 at us and store Za and Ya
(of XA = ZaAYaZX) at u

5 Find factors Z and Y of the nearest PSD matrix to X + X + Xa

at w. » RHS not PSD & Y, Z obtained without forming n X n matrices
6 until converge

Xiaobo Liu, xliu@mpi-magdeburg.mpg.de Mixed-precision algorithms for linear matrix equations
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w@ covrurmmouncwerioos v MPIR for low-rank Lyapunov equations

LDLT-type formulation

Comput. X = ZYZT of AX + XAT + LSLT = 0.

1 Solve AX + XAT + LSLT =0 in us and store Z and Y at u

2 repeat

3 Comput. R(Z,Y) = AZY ZT + ZY ZT AT + LSLT = LASALY
at u, and round LA and Sa to ug

4 Solve AXA + XAAT + LASALX =0 at us and store Za and YA
(of XA = ZaAYaZX) at u

5 Find factors Z and Y of the nearest PSD matrix to X + X + Xa

at w. » RHS not PSD & Y, Z obtained without forming n X n matrices
6 until converge

e O(n?) flops in precisions higher than u,: residual computation &
solution update,

Xiaobo Liu, xliu@mpi-magdeburg.mpg.de Mixed-precision algorithms for linear matrix equations
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@ comernonenossny, LDL”-type residual decomposition

1. Rewrite R(Z,Y) = AZY ZT + ZY ZT AT + LSLT as

0 v o[ 2"
R(Z,Y)=[Z AZ L]|Y 0 0| [ZTAT
0 0 S| L"

=: FNFT | F tall and skinny (as Z and L are).
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@ comernonenossny, LDL”-type residual decomposition

1. Rewrite R(Z,Y) = AZY ZT + ZY ZT AT + LSLT as

0 v o[ 2"
R(Z,Y)=[Z AZ L]|Y 0 0| [ZTAT
0 0 S| L"

=: FNFT | F tall and skinny (as Z and L are).

2. Compute thin QR factorization F' = UT, form H = TNTT, and
compute spectral decomposition 7 = QAQ".
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@ comernonenossny, LDL”-type residual decomposition

1. Rewrite R(Z,Y) = AZY ZT + ZY ZT AT + LSLT as

0 v o[ 2"
R(Z,Y)=[Z AZ L]|Y 0 0| [ZTAT
0 0 S| L"

=: FNFT | F tall and skinny (as Z and L are).

2. Compute thin QR factorization F' = UT, form H = TNTT, and
compute spectral decomposition 7 = QAQ".

3. Perform eigenvalue truncation and drop |\;| < 7,
R(Z,Y) ~ UQiAQIUT =: LASALY,

where
La=UQy, Sa = Ay

Xiaobo Liu, xliu@mpi-magdeburg.mpg.de Mixed-precision algorithms for linear matrix equations
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w.sg@ commmomewenons | DL -type solution factor update

Update Z and Y with ZA and Ya.

1. Form

G:=[Z Za], G tall and skinny, and T = [Y ] .
Ya

pi-magdeburg.mpg.de Mixed-precision algorithms for linear matrix equations
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Q&!@ coururanonac verioosin . LDL” -type solution factor update

Update Z and Y with ZA and Ya.

1. Form

G:=[Z Za|, G tall and skinny, and T = [Y

)

2. Comput. thin QR factorization G = VI, form K = r'Yr’, and
compute spectral decomposition & = OXO7.
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Q&!@ coururanonac verioosin . LDL” -type solution factor update

Update Z and Y with ZA and Ya.

1. Form

G:=[Z Za], G tall and skinny, and T = [Y ] .
Ya

2. Comput. thin QR factorization G = VI, form K = r'Yr’, and
compute spectral decomposition & = OXO7.

3. Perform eigenvalue truncation and drop o; < 75,
Znew = V@ta Yoew = Eta

such that
Knew ~ V@tEt@tTVT - ZneaneWZrZ;w‘

Xiaobo Liu, xliu@mpi-magdeburg.mpg.de Mixed-precision algorithms for linear matrix equations
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: COMPUTATIONAL METHODS IN . - .
@ svstems ano controL Tieory — Convergence bounds in two precisions

Table: Condition number bounds and limiting residuals, given a stable solver.

Bound on Limiting
Us Ur = U kr(L) residual
bf16 10°
fpl6 fp32 10* fp32
p32 108
bf16 103
fp16 10*
fp32 fp64 108 fp64
fp64 10%¢

Xiaobo Liu, xliu@mpi-magdeburg.mpg.de Mixed-precision algorithms for linear matrix equations
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y Y Sign function Newton iteration
m«@ commoneronen  Sig

As the solver in mpIR

e Sign function Newton iteration as an LDL”-type solver (Roberts, '80):

AX + XAT+w =0, W=LSL", Xx=2zvz".

m Easy but robust implementation
m Excellent parallelism
m Rich in level-3 BLAS

e Other solvers are also applicable, provided Chol/LDL”-type solution
factors are returned

Xiaobo Liu, xliu@mpi-magdeburg.mpg.de Mixed-precision algorithms for linear matrix equations
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SYSTEMS AND CONTROLTHEORY  |terating on solution factors

@ COMPUTATIONAL METHODS IN Sign function Newton iteration

For pui_1 > 0, iterate (Larin & Aliev, '93; Benner & Quintana-Orti, 99)

Ag 5(!% 1Ag—1+ o, — 1Ak 1) Ag = A,
Zy = Zr-1 A Zk], Zy =L,
U [ pg—1Yi—1
Y= - , Yy =S.
k= 2 |: ,ukilyk—l 0

Mixed-precision algorithms for linear matrix equations
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SYSTEMS AND CONTROLTHEORY  |terating on solution factors

@ COMPUTATIONAL METHODS IN Sign function Newton iteration

For pui_1 > 0, iterate (Larin & Aliev, '93; Benner & Quintana-Orti, 99)

1 14—
A = §(Mk—1Ak—1 + A, Ag = A,
Zy = [Zr1 A 2], Zy=1L,
1 [ pp—1Yr1
Y = — _ 5 Y == S
F 2 |: ,ukilyk—l 0
At convergence,
1

1
EZkYkaT — X, Z=2, Y= 5Yk,

and
Ak — —1.

Mixed-precision algorithms for linear matrix equations
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SYSTEMS AND CONTROL THEORY Rank truncation

@ COMPUTATIONAL METHODS IN Sign function Newton iteration

e In each iteration, numbers of columns of Z; and Y}, double, leading to
exponential storage growth:

1 _ _
A = 5(%—11%-1 + AL, Ag = A,
Zy=[Zion AN Zya], Zy=1L,
Nkfly
Ye=| 2 " ; Yo=25.

pi-magdeburg.mpg.de Mixed-precision algorithms for linear matrix equations
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SYSTEMS AND CONTROL THEORY Rank truncation

@ COMPUTATIONAL METHODS IN Sign function Newton iteration

e In each iteration, numbers of columns of Z; and Y} double, leading to
exponential storage growth:

1

Ap = §(Nk—1Ak—1 + AL, Ag = A,
Zy=[Zion AN Zya], Zp =L,
Nkfly
Ye=| 2 ! 1y ; Yo = 5.
2pk—1 k—1

~~ Resolution: rank truncation on Z; and Y}, (Benner & Quintana-Orti, '99):
Subfunction [Z, Y| = RANKTRUNCLDLT(Z, Y)

1 Compute thin QR factorization Z = QR.

2 Compute spectral decomposition RY R = VAVT.

3 A =diag(\;), i€ Iy :={i | A >ul|A]1} and V = V(: , 1)

4 Z=QV, Y =A

Xiaobo Liu, xliu@mpi-magdeburg.mpg.de Mixed-precision algorithms for linear matrix equations
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SYSTEMS AND CONTROL THEORY

@ COMPUTATIONAL METHODS IN Sign function Newton iteration

The full algorithm

Algorithm: LDL”-type sign function Newton iteration for the Lyapunov
equation AX + XAT + W =0, W = LSLT.

1 Z(]:L,YE):S,A():A
2 for k < 1 to k. do

3 A = %(,uk_lAk_l + u,ilA;_ll) 4 with 11 a form of scaling.
4 | Zp=[Zkr A Zk]

5 | Y, =3 blkdiag(ur—1Yi—1, 11" Yi—1)

6 if size(Zy,2) > pn then [Zj, Y] = RANKTRUNCLDLT(Z), Y%)
7 if ||Ak +In||1 < 7 then

8 L Terminate after two more iterations.

9Y = Yk/2

e Parameters: convergence tol: 7 = 104/nu, rank truncation tol: p < 1

e [*]Dominant cost each iteration: 2n®

Xiaobo Liu, xliu@mpi-magdeburg.mpg.de Mixed-precision algorithms for linear matrix equations
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@ computaionaL MeThoos i Iterative refinement for Lyapunov equations

SYSTEMS AND CONTROL THEORY . .
Computational cost analysis

In each refinement (outer) step:

m Three main steps
m O(n?) flops for residual decomposition and solution factor update

m Assume a flop at u, or u is no more expensive than n flops at wu,

= Dominant cost (solver step): 2kn? for k Newton (inner) iterations

ion algorithms for linear matrix equatiol
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computaionaL MeThoos i Iterative refinement for Lyapunov equations
SYSTEMS AND CONTROL THEORY . .
; Computational cost analysis

In each refinement (outer) step:

m Three main steps
m O(n?) flops for residual decomposition and solution factor update

m Assume a flop at u, or u is no more expensive than n flops at wu,

= Dominant cost (solver step): 2kn? for k Newton (inner) iterations

e Dominant cost: 2(kg + ki + - - - + k;)n3 flops in us. k¢ the number of
Newton (inner) iterations at ¢th refinement step.

ion algorithms for linear matrix equati
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SYSTEMS AND CONTROL THEORY

@ computaionaL MeThoos i Iterative refinement for Lyapunov equations

Computational cost analysis

In each refinement (outer) step:
m Three main steps
m O(n?) flops for residual decomposition and solution factor update
m Assume a flop at u, or u is no more expensive than n flops at wu,

= Dominant cost (solver step): 2kn? for k Newton (inner) iterations

e Dominant cost: 2(kg + ki + - - - + k;)n3 flops in us. k¢ the number of
Newton (inner) iterations at ¢th refinement step.

e A cost balance: lower precision us ~~ slower convergence of Newton
(inner) iteration, k; grows.

bo Liu, xliu@mpi-magdeburg.mpg.de i ision algorithms for linear matrix equatio
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SYSTEMS AND CONTROL THEORY .
Alternative cost model

@ computaionaL MeThoos i Iterative refinement for Lyapunov equations

e Fact: in each refinement (outer) step, same sequence generated:
ATt oAt Ag=A
1 > 2 9y 0 .

~ ldea: reuse Al_l,Az_l, ... across different refinement iterations

bo Liu, xliu@mpi-magdeburg.mpg.de i ision algorithms for linear matrix equatio
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SYSTEMS AND CONTROL THEORY .
Alternative cost model

@ computaionaL MeThoos i Iterative refinement for Lyapunov equations

e Fact: in each refinement (outer) step, same sequence generated:
AT AT Ag=A
1 2412 sy 0 — 4.

~~ ldea: reuse 121\1_1,22_1, ... across different refinement iterations

e Dominant cost: Q%ﬁi 2maxg<<; ken® flops in precision us. ky
the number of Newton (inner) iterations at ¢th refinement step.
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SYSTEMS AND CONTROL THEORY

@ computaionaL MeThoos i Iterative refinement for Lyapunov equations

Alternative cost model

e Fact: in each refinement (outer) step, same sequence generated:
ATt oAt Ag=A
1 > 2 9y 0 .

~ ldea: reuse Al_l,Az_l, ... across different refinement iterations

e Dominant cost: 2—%]92%3- 2maxg<<; ken® flops in precision us. ky
the number of Newton (inner) iterations at ¢th refinement step.

e Reduced computational cost & additional storage requirement:
particularly interesting when Al_l, Az_l, ... fits into fast memory
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SYSTEMS AND CONTROL THEORY .
Alternative cost model

@ computaionaL MeThoos i Iterative refinement for Lyapunov equations

e Fact: in each refinement (outer) step, same sequence generated:
ATt oAt Ag=A
1 Ay Ty, 0 .

~ ldea: reuse Al_l,Az_l, ... across different refinement iterations

e Dominant cost: Q%ﬁi 2maxg<<; ken® flops in precision us. ky
the number of Newton (inner) iterations at ¢th refinement step.

e Reduced computational cost & additional storage requirement:
particularly interesting when Al_l, AQ_I, ... fits into fast memory

Quantity of interest in computational cost comparison:
= Zé:o k)g or kMmax —: maxop<¢<j kg.
Compare computational costs for mplR with different solver precisions:

g g ax
i/ khigh or kigy / khlgh

Xiaobo Liu, xli i 4 i ision algorithms for linear matrix equations


mailto:xliu@mpi-magdeburg.mpg.de

SYSTEMS AND CONTROL THEORY

@“! @ COMPUTATIONAL METHODS IN Numerical experlments

Experimental setting

e bfl16, fp32, fp64 in MATLAB, bf16 simulated by chop (Higham & Pranesh,
'19)

e We measure, in fp64,

AZYZT + ZY ZTAT + W ||p

Res(Z,Y) = =
IWllr+202Y Z7 | r|lAllr
Parameters Runtime model
m mplR convergence tol = nu average time of bf16 flop _ turie

= Max (outer) refinement " average time of high-precision flop ~ fhign
steps = 50 Dominant runtime in bf16 Thre = 2n°kosie - torie

= Max (inner) Newton Dominant runtime in high Thigh = 27" knigh - thign

iterations = 50

kbris 1
knigh P

Tori6 < Thigh <

Xiaobo Liu, xliu@mpi-magdeburg.mpg.de
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Residual

COMPUTATIONAL METHODS IN - . .. o
v Ao oy Pseudorandom matrices, high precision = fp32

Problem ID on the x-axis bf16 mplR faster for p below the markers

LTTITT

bf16 speedup threshold p

L

0.01 Lyese— -
1 4 89 12 16 1 4 89 12 16
k(L)u O fp32 A bfl6 ¥ bfl6 failed @ no reuse [ reuse ¥ bfl6 failed
Figure: Problems 1-8 have n = 100, and problems 9-16 have n = 1000.

n algorithms for linear matrix equations
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compuTATIONAL METHODS N Pseudorandom matrices, high precision = fp32

SYSTEMS AND CONTROL THEORY

Problem ID on the x-axis bf16 mplR faster for p below the markers
] ] T ] ]
Q : :
)
<]
< 1
= o
E £
o
2 o
x ]
o 0.1
o
"
© :
o : :
o [ : FR 5 h
0.01 Lye-se— X :
12 16 1 4 89 1 16
k(L)u O fp32 A bfl6 ¥ bfl6 failed @ no reuse [ reuse ¥ bfl6 failed

Figure: Problems 1-8 have n = 100, and problems 9-16 have n = 1000.

e Convergence in bf16/fp32 for well-conditioned problems
e GB200 line from dense rates bf16 TC/native fp32 (NVIDIA, '25)
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Residual

COMPUTATIONAL METHODS IN - . .. o
@ v e ooy Pseudorandom matrices, high precision = fp64

Problem ID on the x-axis

10713

i

00060

00000 00
i i i

i i

107'®

1

4 89 12 16

K(L)u O fp64 A bfl6 ¥ bfl6 failed

Figure: Problems 1-8 have n = 100,

bo Liu, xliu@mpi-magdeburg.mpg.de

bf16 mplR faster for p below the markers

! ! P ! !
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¢ (=
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= B Q]
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g 0.1 g 6 =
0 I: : ]
9 : 3ol f 5:
5 L. GBa00peak p =006 ]
001 lepe—t 1 Sesege i
1 4 89 12 16

@ noreuse [ reuse ¥ bflo6 failed
and problems 9-16 have n = 1000.
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COMPUTATIONAL METHODS IN - . .. o
@ v e ooy Pseudorandom matrices, high precision = fp64

Problem ID on the x-axis bf16 mplR faster for p below the markers
! ! P ! !
N : : - : :
=) :
S :
% lE
— 13 F
3 ER !
‘0 g‘ k : H
2 : : 3 :
10713 |9 A ;.’_ 0.1 g .‘ © §
S 1 — . — 5
00000 8060000 oo| 5  |ficrriiiii:.GE:0pek p= 006
10718 1 ‘ — . ‘ 0.01 Lye-e— R :
1 4 89 12 16 1 4 89 12 16

k(L)u O fp64 A bfl6 ¥ bfl6 failed @ no reuse [ reuse ¥ bfl6 failed
Figure: Problems 1-8 have n = 100, and problems 9-16 have n = 1000.

e Convergence in bf16/fp64 for well-conditioned problems
e GB200 line from dense rates bf16 TC/fp64 TC (NVIDIA, '25)
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i COMPUTATIONAL METHODS IN O =
@ SYSTEMS AND CONTROL THEORY Utllne

1. Brief overview on mixed precision
2. Sylvester matrix equations
3. Low-rank Lyapunov matrix equations

4. Conclusions
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COMPUTATIONAL METHODS IN H
SYSTEMS AND CONTROL THEORY ConC|USIOnS

o Mixed-precision algorithms for two types of linear matrix equations
Sylvester matrix equations:

m Schur-based ~~ preferred for dense & moderate-sized problems

m lterative refinement for high-precision solution to triangular equation

m Exploitation of easy inversion/re-orthogonalization of low-precision unitary matrix

Mixed-precision algorithms for
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o Mixed-precision algorithms for two types of linear matrix equations
Sylvester matrix equations:

m Schur-based ~~ preferred for dense & moderate-sized problems

m lterative refinement for high-precision solution to triangular equation

m Exploitation of easy inversion/re-orthogonalization of low-precision unitary matrix
Low-rank Lyapunov equations:

m Chol/LDL” -type mixed-precision iterative refinement frameworks

m Focused on sign function Newton iteration as solver

m Reduced precisions such as bf16 works best for well conditioned problems
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COMPUTATIONAL METHODS IN

SYSTEMS AND CONTROL THEORY Conc|USi0ns

o Mixed-precision algorithms for two types of linear matrix equations
Sylvester matrix equations:

m Schur-based ~~ preferred for dense & moderate-sized problems

m lterative refinement for high-precision solution to triangular equation

m Exploitation of easy inversion/re-orthogonalization of low-precision unitary matrix
Low-rank Lyapunov equations:

m Chol/LDL” -type mixed-precision iterative refinement frameworks

m Focused on sign function Newton iteration as solver

m Reduced precisions such as bf16 works best for well conditioned problems
e Done, but not covered in the talk: convergence & rounding error analysis
Next?

= High-performance mixed-precision implementations (low-precision Schur?)

= Reduced precision with ADI/Krylov-based solver inside mpIR?

precision algorithms for linear matrix equa
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COMPUTATIONAL METHODS IN H
SYSTEMS AND CONTROL THEORY ConC|USIOnS

o Mixed-precision algorithms for two types of linear matrix equations
Sylvester matrix equations:

m Schur-based ~~ preferred for dense & moderate-sized problems

m lterative refinement for high-precision solution to triangular equation

m Exploitation of easy inversion/re-orthogonalization of low-precision unitary matrix
Low-rank Lyapunov equations:

m Chol/LDL” -type mixed-precision iterative refinement frameworks

m Focused on sign function Newton iteration as solver

m Reduced precisions such as bf16 works best for well conditioned problems
e Done, but not covered in the talk: convergence & rounding error analysis
Next?

= High-performance mixed-precision implementations (low-precision Schur?)

m Reduced precision with ADI/Krylov-based solver inside mpIR?

Check the preprints for more details:
arxiv.org/abs/2503.03456 and arxiv.org/abs/2510.02126
Slides available on xiaobo-liu.github.io/talks

Thank you for your attention.
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