A MAX PLANCK INSTITUTE
: A‘ FOR DYNAMICS OF COMPLEX : COMPUTATIONAL METHODS IN
: \0‘4 TECHNICAL SYSTEMS : SYSTEMS AND CONTROL THEORY

MAGDEBURG

A scaling and recovering algorithm for the
matrix p-functions
Xiaobo Liu

MPI for Dynamics of Complex Technical Systems, Germany

%

\MM Annual ‘Meeting
Universitat Stuttgart, Germany
March 18, 2026

Joint work with Awad H. Al-Mohy
King Khalid University, Saudi Arabia



A COMPUTATIONAL METHODS IN . . .
\ﬁ;@ svstems anp controL Tieory T he Matrix Exponential and ¢-Functions

One of the most studied matrix functions by far is the matrix exponential

A2 A3 Ak
=I+A —i— — t = =7
3! k!
k=0
see (Moler & Van Loan; '78, '03)

Nineteen dubious ways to compute the exponential of a matrix
(1978); —, twenty-five years later (2003).

Closely related are the matrix -functions

wo(A) = eA, pi(A) = Z_% m

> ¢; satisfy the recurrence relation

1
pi(A) = Apji(A) + al

Xiaobo Liu, xliu@mpi-magdeburg.mpg.de A scaling and recovering algorithm for the matrix ¢-functions


mailto:xliu@mpi-magdeburg.mpg.de

: COMPUTATIONAL METHODS IN - . .
§ sysTems AND conTroL THEORY  Applications in ODEs and Exponential Integrators

For A e C™", y € C", and y(0) = yo (Minchev & Wright, ’05),

d
T oA = w0 =,
d
d_i =Ay+b+ct = y(t)=eyo+ tor1(tA)D + tPpa(tA)c,
o
= Avtaty) = ) =yt Dok (t4) 6" D(0,50).

k=1
e A suitable truncation forms the basis of many exponential integrators.
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COMPUTATIONAL METHODS IN

sysTEms AND conTroL THEORY  Applications in ODEs and Exponential Integrators

For A € C"*", y € C", and y(0) = yo (Minchev & Wright, '05),

dy A
=A t) = e
dt Yy = y( ) €Yo,
d
D oAytbret = y(t)=eMyo+ tor(tAD + LpatA)e,

dt

d - _
d—i =Ay+g(ty) = yt)=eyo+ > ortA)t "D (0,yp).
k=1

e A suitable truncation forms the basis of many exponential integrators.

E.g.: exponential Rosenbrock—Euler method (Pope, '63):
oF OF
Yn+1 = yn+h901(th)F( nyyn)+h 902(}7”] ) ot ( nayn)y Jn = a_y(tnayn)a

where F(t,y) = Ay + g(t,y), yn = y(tn), tn, = nh, and h > 0 stepsize.
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@ sverews ano controL eony — Krylov-Based Exponential Integrators

DifFeent types of exponential integrator schemes can be expressed as
wo(A)wo + pr(A)wr + - + pp(A)wp,

where w; some vector, p relates to the exponential integrator order.

[Compute ¢;(A)w; by (polynomial) Krylov method]:
1. Initialize v1 = wj/[|wj||2.
2. Build orthonormal basis V,,, = [v1, v, ..., vy] of
Km(A,wj) = span{w;, Aw;, ..., A" tw;} via the Arnoldi process:

AV = Vi Hyy + hm+1,mvm+legq,-

3. Project ¢;(A)w; onto a lower-dim. subspace (Hochbruck & Lubich, '97):

wj _
it = B2 [ 0) (o1~ exdo = [y |aVins (e

> Accurately and stably computing ¢;(Hy,) a key and challenging step.
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COMPUTATIONAL METHODS IN

SYSTEMS AND CONTROL THEORY kp‘—FUI'ICtiOI‘IS from One Exponentiation
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COMPUTATIONAL METHODS IN

svsrews ano controL Tweory — (0-Functions from One Exponentiation

Theorem (Lu, '03; Higham, '08)

B_ [61 é] c X B _ [eA 901(A)] .

Theorem (Al-Mohy & L., '25)

Let E=[I 0 0 --- 0] € R™™ and J = J,(0) ®I. Then

W[4 E] commmonn o gy [JO) ) ),

where gi(A) = Agi+1(A) + fO(0)1/i!, go=f, i=0:p—1.
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COMPUTATIONAL METHODS IN

svsrews ano controL Tweory — (0-Functions from One Exponentiation

Theorem (Lu, '03; Higham, '08)

B_ [61 é] c X B _ [GA 901(A)] .

Theorem (Al-Mohy & L., '25)

Let E=[I 0 0 --- 0] € R™™ and J = J,(0) ®I. Then

W[4 E] ectmmirnn o gy = [/ 0l o ald],

where gi(A) = Agi+1(A) + fO(0)1/i!, go=f, i=0:p—1.

~+ Corollary: setting f =exp = gi1(A) = ¢1(4), ..., gp(A) = ¢p(A).
e Evaluate the first block row of eV without forming W?
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COMPUTATIONAL METHODS IN z . .
@ Svoreme AnD conroLmaeory  Recurrence of Padé Approximants to p-Functions

Theorem (Al-Mohy & L., '25)

The [m + p—j/m] Padé approximants to ¢;(2), Rmtp—jm(2) =: R%)(z)
j = 1: p, satisfy the recurrence relation

'R,?(%)(z) = zR%"‘l)(z) + %, j=p—1:—1:0.

Idea of proof: set f as the [m + p/m] Padé approximant, RY (2), to €*.

Xiaobo Liu, xliu@mpi-magdeburg.mpg.de A scaling and recovering algorithm for the matrix ¢-functions


mailto:xliu@mpi-magdeburg.mpg.de

COMPUTATIONAL METHODS IN z . .
Svoreme AnD conroLmaeory  Recurrence of Padé Approximants to p-Functions

Theorem (Al-Mohy & L., '25)

The [m + p—j/m] Padé approximants to ¢;(2), Rmtp—jm(2) =: R%)(z)
j = 1: p, satisfy the recurrence relation

'R,?(%)(z) = zR%"‘l)(z) + %, j=p—1:—1:0.

Idea of proof: set f as the [m + p/m] Padé approximant, RY (2), to €*.
e Adapt the Padé approximant degree per ¢; and fix the denominator in
our new algorithm

~~ Computational savings over evaluating fixed-degree Padé approximants
to -functions independently, avoiding repeated rational approximations
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COMPUTATIONAL METHODS IN . . .
@ svstems ano contro Theory — Scaling and Squaring (Recovering) Method

For the matrix exponential: e = (e "2 ~ 1, (2754)

1 B+ A/2° so ||B||; is close to the origin. > scaling
2 Evaluate the [m/m] Padé approximant 7,,(B) to e?. > evaluate
3 e ~r,(B)¥ > squaring
m Proposed by Lawson (Lawson, '67).
m Algorithm, with rounding error analysis and a posteriori error bound
(Ward, '77).
m Backward truncation error analysis allowing choice of s and m (Moler
& Van Loan, '78).
m Sharper b'ward trunc. analysis giving optimal s and m minimizing

computational cost in double precision (Higham, '05).

m B'ward trunc. bound based on || A*||'/* rather than ||A||, alleviating
overscaling issues (Al-Mohy & Higham, '09), current MATLAB expm.
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A‘ COMPUTATIONAL METHODS IN
N sysTEms AND conTROL THEORY  Scaling and Recovering Framework for ¢-Functions

Simultaneously for the ¢-functions: po(A) = e, p1(A), ..., p,(A)
1 Select a scaling parameter s and a degree m of Padé approximant.
2 A+ AJ2°
3 Evaluate the [m/m] Padé approximant, RY to wp(A).

4 Invoke the recurrence R%) = AR%H) + %I, j=p—1:—1:0.
5 fori=1:sdo
6 for j=p: —1:0do
0 j k) /.
7 RE) 279 (RORE)(A) + T, R /G - k1)
8 end
9 end

e The double-argument formula ¢;(24) = (goo( Ji(A) + S0 k),
(Berland, Skaflestad, Wright; '07) for recov. ¢;(A) from ¢;(2~ A), Jj= 0. .
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<) COMPUTATIONAL METHODS IN
N sysTEms AND conTROL THEORY  Scaling and Recovering Framework for ¢-Functions

Simultaneously for the ¢-functions: ¢o(A) = e, v1(A), ..., op(A)

1 Select a scaling parameter s and a degree m of Padé approximant.
2 A« AJ2°
3 Evaluate the [m/m] Padé approximant, R, to op(A).
4 Invoke the recurrence R(]) AR(]H) + 3 I j=p—1:—1:0.
5 fori=1:sdo
6 for j=p: —1:0do
0 j k) /.
7 R « 27 (R( IRY (A )+Z{€:1R7(n)/(j—k)!)
8 end
9 end
e The double-argument formula ¢;(24) = (goo( Ji(A) + S0 k),>

(Berland, Skaflestad, Wright; '07) for recov. ¢;(A) from ¢;(2~ A), Jj= 0. .

~+ Determine s and m to guarantee accuracy and minimize comput’'nal cost.

Xiaobo Liu, xliu@mpi-magdeburg.mpg.de A scaling and recovering algorithm for the matrix ¢-functions


mailto:xliu@mpi-magdeburg.mpg.de

Q&!@ svetews ano controLmeony  Truncation Error Analysis: A Sketch

0 J+AJ

Key: Set f as the [m + p/m| Padé approximant, ng)(z), to e*:

e We're computing the first block row of exp ([A +tAd B+ AE] )

wol4 E] o romw) - RW(A) RW(A) ... RP(A)
0 J " 0 RY(J)
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’\4}!@ svetews ano controLmeony  Truncation Error Analysis: A Sketch
A+AA E+ AE] )

0 J+AJ

e We're computing the first block row of exp ([

Key: Set f as the [m + p/m| Padé approximant, Rgg)(z), to e*:

wol4 E] o romw) - RO4) RY(A) ... RP(4)
0 J " 0 RY(J)

e Analysis uses [m + p/m] Padé approximant, RY (A) to e? (Higham, '08):

Y

(RO @2 a)]" = ett2hnsa™)  earas

where finp(A) = log(e AR (A)) = 320 oy Cmpa AF. Then
AA = 2°hy, ,(27°A) represents the backward error for the exponential.
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Q&!@ svetews ano controLmeony  Truncation Error Analysis: A Sketch

0 J+AJ

Key: Set f as the [m + p/m| Padé approximant, Rgg)(z), to e*:

e We're computing the first block row of exp ([A tAA E+ AE] )

wol4 E] o romw) - RO4) RY(A) ... RP(4)
0 J " 0 RY(J)

e Analysis uses [m + p/m] Padé approximant, RY (A) to e? (Higham, '08):

Y

(RO @2 a)]" = ett2hnsa™)  earas

where finp(A) = log(e AR (A)) = 320 oy Cmpa AF. Then
AA = 2°hy, ,(27°A) represents the backward error for the exponential.
~  Need bound || 3272, .11 cmpk(275A)¥|| (not shown for AE)
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@ cuzrnoiseroesyy., Table of the Scaling Threshold 6,,,,,

Table: Scaling threshold 6,,, ,,, at optimal Paterson-Stockmeyer degrees m;.

p mp=1 m =2 me=3 mz=4 my=6 m5=8 mg=10 my; =12
1 2.00e-5 3.81e-3 3.97e-2 1.54e-1 7.26e-1 1.76 3.17 4.87
2 3.76e-5 6.09e-3 5.8le-2 2.13e-1 9.28e-1 2.06 3.54 5.28
3 7.37e-5 9.87e-3 8.53e-2 2.94e-1 1.16 2.37 3.01 5.69
4 1.50e-4 1.62e-2 1.26e-1 4.06e-1 1.40 2.69 4.28 6.09
5 3.15e-4 2.70e-2 1.87e-1 5.62e-1 1.66 3.01 4.65 6.50
6 6.86e-4 4.55e-2 2.80e-1 7.79%-1 1.92 3.34 5.02 6.90
7 1.54e-3 7.75e-2 4.18e-1 1.05 2.20 3.68 5.40 7.30
8 3.54e-3 1.33e-1 6.26e-1 1.26 2.48 4.01 5.77 7.69
9 8.35e-3  2.30e-1 9.34e-1 1.48 2,77 4.35 6.14 8.08
10 2.0le-2 3.99e-1 1.16 1.71 3.07 4.69 6.51 8.47

e Scale A down by 2° such that 27%a,(A) < 0, p, p(A) < ar(A4) < ||4].

Next: choose feasible s and m to minimize the computational cost.

Xiaobo Liu, xliu@mpi-magdeburg.mpg.de A scaling and recovering algorithm for the matrix ¢-functions


mailto:xliu@mpi-magdeburg.mpg.de

COMPUTATIONAL METHODS IN

e om0y Minimizing the Computational Cost

1 Select a scaling parameter s and a degree m of Padé approximant.
2 A« AJ2°

3 Evaluate the [m/m] Padé approximant, RY to op(A).

4 Invoke the recurrence R%) = AR%H) + %I j=p—1:—1:0.

5 fori=1:sdo

6 for j=p: —1:0do

7 R 279 (RIWRW + Sl R /G~ k)

8 end

9 end

Total cost is 4
Cmi,s :Z+p+§+8(p+1)7

where s = max ([logy (ar(A)/bmp)],0) s.t. 275 ap(A) < Oy .
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COMPUTATIONAL METHODS IN

e om0y Minimizing the Computational Cost

1 Select a scaling parameter s and a degree m of Padé approximant.
2 A« AJ2°

3 Evaluate the [m/m] Padé approximant, RY to op(A).

4 Invoke the recurrence R%) = AR%H) + %I j=p—1:—1:0.

5 fori=1:sdo

6 for j=p: —1:0do

7 R 279 (RIWRW + Sl R /G~ k)

8 end

9 end

Total cost is 4
Cmi,s :Z+P+ g +3(p+ 1)7
where s = max ([logy (ar(A)/bmp)],0) s.t. 275 ap(A) < Oy .

~» Cost minimized over the index pair (m;,7), m; < Myax = 12 s.t.
K(Dpm,; (A)) modest, 2 < r < rmyax, "max determined when mpax fixed.
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@ curoeroesy - Experimental setup

Algorithms:

m phi_funm: the proposed algorithm;
m phipade: from EXPINT (Berland, Skaflestad, Wright; '07), realizing the
algorithm (Skaflestad & Wright, '09) executed in two configurations:
m phipade_dft: the default setting: uses the [7/7] Padé approximant;
® phipade_opt: the adaptive setting proposed in (Skaflestad & Wright,
'09), seeking the optimal Padé degree 3 < m < 13 to minimize the cost;
m expm blktri: the algorithm of (Al-Mohy, '25), for computing the exp
of block triangular matrices. (Comput. (1,2) block of e implicitly,
not exploiting the structure within W)

Test set:
m 108 nonnormal matrices from matrix function literature, 2 < n < 41.

m 5 Hessenberg matrices (m = 30, 80) from Arnoldi within Krylov
methods for comput. ¢;(A)e, e = ones(n, 1), 900 < n < 392, 257.

Working precision: binary64 (IEEE double) in MATLAB
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COMPUTATIONAL METHODS IN
SYSTEMS AND CONTROL THEORY

Accuracy and Stability: |

R, (A)u ool
o A expm blktri n
107 re = phipade dft|] 0.8
© phipade_opt
105k v phi_funm o7
o6
109 F 05|
oaf
2 f
1 03|
a —v— phi_funm
101k e 02 —e— phipade opt |
on —=— phipade_dft| |
S 4 —a— expm_blktri
1018 ° s s s s s s s n n n
20 a0 60 80 100 108 1 B 3 2 5 o 7 s e 10 11 12
100 1
°
o, (A)u ool
5 A expm_blktri N k
107 re = phipade dft|] 0.8} b
© phipade opt
10 b v __phi_funm ] o7F
o6
10° 05
04
12
10 oal
—w— phi_funm
1018 02 —e— phipade_opt |7
! —=— phipade dft| |
—a— expm_blktri
0 s s L s s s s n T n

1018
1

40 60 80 100 108 1

Top: 7 =1; bottom: j = 4.

9 10 11

e p = 10. Left: 1-norm forward error. Right: performance profiles: fraction
of tests whose relative error is within factor (z-axis) of the smallest.
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COMPUTATIONAL METHODS IN
SYSTEMS AND CONTROL THEORY Accuracy and S a

100 1
° i (A)u
expm_blktri
00l phipade_dft|]

a
a

© phipade opt
v phi_funm

—v— phi_funm
—e— phipade_opt
—e=—phipade_dft
—a— expm blktri

Ko, (A)u
expm_blktri
phipade dft
phipade opt
phi_funm

—v— phi_funm
—o—phipade_opt
—e=—phipade dft
—a— expm_blktri

20 40 60 80 100 108 1 2 3 4 5 6 7 8 o 10 11

Top: j =T7; bottom: j = 10.

e phipade_dft unstable (overscaling), expm_blktri worsen as j grows.
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o oo oy Asymptotic Computational Cost

o1t 1 01 5 ]

0 s s s s s
1 20 40 60 80 100 108 1 20 40 60 80 100 108

(a) phi_funm over phipade_dft. (b) phi_funm over phipade_opt.

Figure: Ratios of computational cost: phi_funm to phipade.
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o oo oy Asymptotic Computational Cost

SYSTEMS AND CONTROL THEORY

01 ape N 01F gqeo

1 20 40 60 80 100 108 1 20 40 60 80 100 108

(a) phi_funm over phipade_dft. (b) phi_funm over phipade_opt.
Figure: Ratios of computational cost: phi_funm to phipade.

e phi_funm always more efficient, can be 10x to 20x cheaper:
m based on «,(A) rather than ||Al|; ~~ less prone to overscaling.
m adapts the Padé degree per ; ~~ saves at least p multiple
linear-system solvers.
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Svstems anp conrnoctmeory  RUNtiMe Comparison

—e—n = 2500
35| —s—n = 500

—w—n = 200
ab

log, scale

(2) phi_funm vs phipade_dft. (b) phi_funm vs phipade_opt.

Figure: log,-speedup of phi_funm to phipade. y > 0 indicate phi_funm is faster.
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COMPUTATIONAL METHODS IN

SYSTEMS AND CONTROL THEORY Runtime Comparison

log, scale

(2) phi_funm vs phipade_dft. (b) phi_funm vs phipade_opt.

Figure: log,-speedup of phi_funm to phipade. y > 0 indicate phi_funm is faster.

e For n = O(100), phi_funm and phipade comparable in speed.
e Lower asymptotic cost of phi_funm reflected in runtime as n grows.

e phi_funm more reliable: runtimes < 2x the fastest, 16x for phipade.
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COMPUTATIONAL METHODS IN

svstems anp controL THeory  Hessenberg Matrices from Krylov Methods

bcspwrl0 gr_30_30 helm2d03 orani678 poisson99

p=1 Error  Cost  Error  Cost Error Cost Error Cost Error  Cost

phi_funm 3.2e-15 11.3 1.0e-15 123 1.4e-15 123 3.7e-16 8.3 7.5e-1l4 343
m =30 phipadedft 5.3e-9 147 1.1e9 167 19e-10 16.7 5.7e-16 147 82e14 387
phipade opt 2.0e-15 13.7 3.3e-15 157 2.1e-15 157 7.4e-16 13.7 7.8e-14 357

phi_funm 3.2e-15 11.3 1.0e-15 123 1.5e-15 123 4.9e-16 8.3 09.le-14 343
m =80 phipadedft 5.3e-9 147 3.4e-14 187 1.9e-10 16.7 6.4e-16 18.7 1.1e-13 387
phipade_opt 2.0e-15 13.7 1.8e-15 157 2.1e-15 157 9.8e-16 157 9.9e-14 357

p=4 Error  Cost  Error  Cost Error  Cost Error  Cost Error  Cost

phi_funm l.1e-15 16.3 8.2e-15 17.3 4.0e-15 17.3 6.8e-16 10.3 1.5e-14 723
m =30 phipade_dft 5.0e-10 27.7 1.1e9 327 1.8e-10 327 3.6e-16 27.7 b5.4e-14 87.7
phipade_opt 1.3e-15 23.7 3.1e-15 287 1.9e-15 287 4.5e-16 23.7 b5.2e-14 78.7

phi_funm l.1e-15 16.3 8.8e-15 17.3 4.1e-15 17.3 8.6e-16 10.3 2.0e-14 723
m =80 phipade dft b5.0e-10 27.7 3.3e-14 37.7 1.8e10 327 13e-15 377 6.4e-14 877
phipade_opt 1.3e-15 23.7 1.6e-15 287 19e-15 287 1.1e-15 287 b5.9e-14 78.7

recovering algorithm for the matri
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COMPUTATIONAL METHODS IN

svstems anp controL THeory  Hessenberg Matrices from Krylov Methods

bcspwrl0 gr_30_30 helm2d03 orani678 poisson99

p=1 Error  Cost  Error  Cost Error Cost Error Cost Error  Cost

phi_funm 3.2e-15 11.3 1.0e-15 123 1.4e-15 123 3.7e-16 8.3 7.5e-1l4 343
m =30 phipadedft 5.3e-9 147 1.1e9 167 19e-10 16.7 5.7e-16 147 82e14 387
phipade opt 2.0e-15 13.7 3.3e-15 157 2.1e-15 157 7.4e-16 13.7 7.8e-14 357

phi_funm 3.2e-15 11.3 1.0e-15 123 1.5e-15 123 4.9e-16 8.3 09.le-14 343
m =80 phipadedft 5.3e-9 147 3.4e-14 187 1.9e-10 16.7 6.4e-16 18.7 1.1e-13 387
phipade_opt 2.0e-15 13.7 1.8e-15 157 2.1e-15 157 9.8e-16 157 9.9e-14 357

p=4 Error  Cost  Error  Cost Error  Cost Error  Cost Error  Cost

phi_funm l.1e-15 16.3 8.2e-15 17.3 4.0e-15 17.3 6.8e-16 10.3 1.5e-14 723
m =30 phipade_dft 5.0e-10 27.7 1.1e9 327 1.8e-10 327 3.6e-16 27.7 b5.4e-14 87.7
phipade_opt 1.3e-15 23.7 3.1e-15 287 1.9e-15 287 4.5e-16 23.7 b5.2e-14 78.7

phi_funm l.1e-15 16.3 8.8e-15 17.3 4.1e-15 17.3 8.6e-16 10.3 2.0e-14 723
m =80 phipade dft b5.0e-10 27.7 3.3e-14 37.7 1.8e10 327 13e-15 377 6.4e-14 877
phipade_opt 1.3e-15 23.7 1.6e-15 287 19e-15 287 1.1e-15 287 b5.9e-14 78.7

e phi_funm always has lower computational cost. Execution times
comparable between 1073 and 10~2 seconds (not shown).

e phi_funm and phipade_opt deliver good and comparable accuracy, but
phipade _dft again shows instability.

A scaling and recovering algorithm for the matrix
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Faster, more accurate, b’ward stable algorithm for matrix ¢-functions:

m New recurrence between non-diagonal Padé approximants to ¢; ~
Avoid repeated rational approximations ~» Computational savings.

m Algorithmic parameters selected on the fly in O(n?) to minimize the
overall computational cost.

m Backward error analysis ~ Sharp relative error bounds & Proposed
algorithm b’ward stable in exact arithmetic.

m Matrix triangularity exploitation (not shown) by recomput. diagonals
of po(A) = e via explicit formulae ~~ Controlled error propagation.

» A. H. Al-Mohy and X. Liu. A scaling and recovering algorithm for
the matrix p-functions. SIAM J. Sci. Comput., To appear.
Currently available at https://arxiv.org/abs/2506.01193.
Code available at https://github.com/xiaobo-1iu/phi_funm

Next?
m Excellent numerical f'ward stability observed. Rounding error analysis?

Xiaobo Liu, xliu@mpi-magdeburg.mpg.de A scaling and recovering algorithm for the matrix ¢-functions
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