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Definition of Matrix Function via Jordan Canonical Form

e For A € C™" there exists invertible Z € C"™" such that

A1

Z7AZ = J = diag(d1, ..., Jp), Jk = - € Cmxmk

where my +mp +--- + mp = n.

e Let Ae C™" and let f be defined on the spectrum of A. Then
f(A) = Z diag(f(J1),...,f(Jp))Z~", where

(mg—1)
) %) .. e

f(h) = f) '
f'(Ak)
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The Schur—Parlett Algorithm (Davies & Higham, 2003)

e Compute the Schur decomposition A = QTQ*.

Partition and reorder T = (Tj) to blocked upper triangular
T = U*TU, with a blocking parameter 6 > 0, such that

e E'vals from different diagonal blocks are well separated
(]A — p| > ¢ for A and p from distinct diagonal blocks).

e E'vals in the same diagonal block are well clustered
(|AM — Ao| < 6 for e'vals in the same block).

Evaluate F; = f(Tj) by truncating the Taylor series
—~ . (k) N ~
f(Ti) = S50 “R2(Ti — o), o = trace(Tyi)/n.
Solve the triangular Sylvester equation for F;
fi=i
TiFj — FjTj = Fi Ty — TiFj + Z (FkTiy — TicFyj), 1<}
k=i+1

o f(A) = QI(T)Q" = QUFU*Q"
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Randomized Approximate Diagonalization (Davies, 2007)

o Diagonalization for computing f of a diagonalizable A € C™": compute
A= VyDyVp~" and
f(A) = Vof(Do) V.

e For (highly) nonnormal A € C™", diagonalization after a (full) random
perturbation E: compute A+ E = A= VDV~ and

f(A) ~ f(A) = VI(D)V~'. (1)

This succeeds with probability 1.

How to choose the E?

How accurate is the approximation in (1)?
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Davies’s Conjecture

Davies measured the quality of the approximate diagonalization by
o(A,V,E €) = ra(V)e+ [ Ell2,
and conjectured that

a(Ae) = }_:nga(/\, V,E,e) < cpve

for some c,,, where ||A|2 < 1 is assumed.

e The conjecture has been proved with ||E|> < /e (Banks & Kulkarni
& Mukherjee & Srivastava, 2020).
e Taking E with ||E||2 ~ /e often gives an error of O(y/¢) for ||Alj> < 1.

For small E, [|f(A+ E) — f(A)| < [ILi(A, E)|| < [IL(A)] | E]l, where
L+ (ANl = max{ [[Le(A, E)|| - [ Ell =1}

e |L;(A)|l2 can greatly exceed 1!

o Flawed definition of o(A, V, E, €) = r2(V)e + || E||2 in computation.
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Approximate Diagonalization with Triangular Perturbation

In the (standard) Schur—ParIett:
Fii = f(Ti) = > pe 0 | (T,-,- — o)k, o = trace(T;)/n.

In the derivative-free Schur—Parlett:
Diagonalize T + E for a random triangular perturbation E.

Advantages:
m Diagonalization succeeds with probability 1.

m E of order u || T|| does no harm (full E does, in b’'ward sense), where
u: unit roundoff of the working precision.

m Only need to compute the eigensystem of a triangular matrix
T =T + E of size mx m.

How accurate?
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Approximate Diagonalization with Triangular Perturbation

The error in the computed approximation F~F= f(7’) satisfies
(Higham, 2008)

|F||F||F||1 < m IOl
1

(Dl

where up, is the (unit roundoff of) the precision of diagonalization.

o From ||F — F||1/||F|l1 < u, for large x1(V) we need uj, < u.

e Access to arbitrary precision: Advanpix Multiprecision Computing
Toolbox for MATLAB

How to choose u;, — estimating (V) based only on T?
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Determining the Precision

We have (Demmel, 1983)

k2(V) < m- max [Pz,

and _ _ _
1P1[|1 < max(1, [[tizllo | (ti1] — T22)~l1),

where P; is the spectral projector corresponding to the e’val A;, and

& et
T = J2
[0 T22‘|

o Approximate ||(f1/ — T22) |1
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Determining the Precision

For any m x m upper triangular matrix U we have (Higham, 2002)

1 ,8 m—1
IU‘!1S<+1> . a—minlul, B=maxlyl. @
a\a i i<j

Brief ideNa:
e Group t; with parameter §; < ¢, largest block has size k.

e approximate ||(f1/ — To2)~ 1|1 by [|(fr1/ — Taa(1: k—1,1: k—1))~"|1,
and bound it by (2).

The approximation gives the requirement

CmU?

7 P k> 2.
— rmaxio; |t -
max;<; |t,'/'| (7CI<LII| I]‘ + 1)

'm

)

up S

e Parameters 61 and ¢,
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Multiprecision Algorithm for Function of a Triangular Matrix

Algorithm 1: Given triangular matrix T € C™*™ this algorithm computes

F=f(T).

1 If m=1orm=2and t;1 # txp, use explicit formula for f(T), quit.

2 Form a diagonal or upper triangular standard Gaussian N.

3 E=u(max |tl/IIN|F)N

4u? T=T+E

5u2 D = diag(T)

6 u? Evaluate uj.

7 up if up < u2, convert T and D to precision up.

8 fori=1:m

9u,  Set(v;);=1and (v)x =0 for k > iand solve (T — t;/)v; = 0 for
the first i — 1 components of v;.

10 end

11 u, Form F = VF(D)V~', where V = [v4, ..., Vnl.

12

Round F to precision u.

NA
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Experimental Results

Equivalent number of decimal digits for un used by Algorithm 1 in the
computation. 32 digits corresponds to up, = u®.

m=35 m=75

Ty =gallery ('kahan',m) 32 623
T> = schur (gallery ('smoke',m), 'complex') 32 32
T3 = schur (randn (m) , 'complex') 32 32
T4 = schur (rand (m) , 'complex') 32 32
Ts = triu (randn (m)) 34 68
Ts = triu(rand (m)) 51 68
T; =gallery (' jordbloc',m,0.5) 599 1296

e T4 has distinct eigenvalues on (0, 1].

¢ In general m is not expected to be large.
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Experimental Results

Maximal errors for Algorithm 1 with a diagonal E and the method of approximate
diagonalization with full perturbation. f = sqrt.

m=35 Alg_diag Alg full ’fsqrt(A)U

T 2.7e-16 3.1e-13 5.4e-11
To 5.9e-16 3.9e-13 5.6e-11
T3 1.4e-16 1.4e-16 3.3e-14
T4 1.4e-15 1.3e-15 4.9e-14
Ts 1.5e-15 9.7e-9 3.8e-10
Ts 1.0e-15 6.7e-12 5.6e-9
T7 4.1e-16 8.5e-8 3.9e-12
m=75 Alg_diag Alg_full “sqrt(A)U
T 2.1e-15 8.2e-7 3.2e-11
To 5.5e-16 1.0e-7 4.5e-12
T3 1.8e-16 1.3e-16 1.5e-13
T4 1.4e-15 1.7e-15 1.5e-13
Ts 2.5e-14 1.0 4.3e-22
Ts 1.9e-15 1.0 2.7e-14

17 3.4e-16 1.0 6.6e-18
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The Multiprecision Derivative-Free Schur—Parlett Algorithm

Algorithm 2: Given A € C™*" this algorithm computes F = f(A).

Compute A= QTQ".
If T is diagonal, F = Qf(T)Q*, quit.
Reorder T with 9 > 0 to a block m x m upper triangular T=UTU.
fori=1:m

Use Algorithm 1 to evaluate Fj = f(?,-,-).

forj=i—1: —1:1

Solve the Sylvester equation for Fj.

end
end
10 F = QUFU*Q*

© 00 N O 0o~ W DN =

Costs: 28n® in precision u plus 2/3 37 ; m? in precision up,.

e Precision independent framework
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The Blocking Parameter 6 > 0

In the (standard) Schur—Parlett 6 = 0.1.
W This optimal choice of ¢ is problem-dependent.
m Too large a ¢ cause problems in the Taylor series approximation.

In Algorithm 2:
m 0 = 0.1 by default.

m Larger § = better-conditioned Sylvester equations in general.
B Larger § = potentially high precision used on larger blocks!

m When ¢ = oo, compute f(T) in higher precision & no need to solve
Sylvester equation (optimally accurate but expensive).

e Algorithm 2 with § = oo costs 28n° in precision u plus 2/3n° in
precision up,.
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Experimental Results

o f=sin 0 f = cosh
+ funm + funm
A funm_nd A funm_nd
1041 O funm_nd_oo|{ 10% Al O funm_nd_oo|
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0 5 1.0 1.5 2.0 2.5 3.0 3.5 0 5 1.0 1.5 2.0 2.‘5 3.0 3.5
Relative errors on 35 matrices of size 32 x 32 from the MATLAB gallery and the
Matrix Computation Toolbox.

@ funm, the built-in MATLAB function implementing the Schur—Parlett.
@ funm_nd, Algorithm 2 with § = 0.1.

@ funm_nd_oo, Algorithm 2 with § = oc.
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Experimental Results

Results over 10 runs. Size: the maximal block size. Digits: the maximal number
of equivalent decimal digits used by funm_nd.

Maximal relative error

Mean execution time (secs)

n=40 funm funm_nd funm_nd_oc funm funm nd funm nd_oco size (m) digits
Aq 4.6e-15  4.6e-15 4.6e-15 2.1e-2 4.5e-2 1.4e-1 8 32
Az 4.0e-15  4.0e-15 3.9e-15 2.2e-2 2.4e-2 1.4e-1 3 32
Az 1.5e-14 7.1e-17 6.8e-17 1.8e-3 4.1e-2 4.1e-2 40 685

n=100 funm funm_nd funm_nd_oo funm funm_nd funm_nd_oco Size (m) digits
Ay 6.7e-15  6.7e-15 6.7e-15 6.6e-2 1.6e-1 9.7e-1 13 32
Ax 6.3e-15  6.4e-15 6.3e-15 1.9e-1 1.9e-1 1.0 4 32
Az 1.0e-12 5.8e-17 5.8e-17 2.7e-2 7.3e-1 7.4e-1 100 1734

Test matrices:

@ A = rand(n) /5.

@ A; = randn (n) /10.

@ A3 =gallery('triw',n,—5): upper triangular with 1s on the diagonal
and —5s off the diagonal.

e funm_nd_oo is typically much slower.

e funm_nd is typically not much slower than funm.

e funm_nd is much slower than funm on matrices with close/repeated e’vals.

NA
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The Matrix Mittag—Leffler Function

e Series definition of two-parameter matrix Mittag—Leffler (ML) function:

E.5(A) = ;_0 m, a,feC, Rea >0,

where I'(-) is the Euler gamma function.
e Applications in FDEs: 0 < aw < 1 and s > 0 often.

e m1m, computes the derivatives and invokes the Schur—Parlett scheme
(Garrappa & Popolizio, 2018).
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Experimental Results on the Matrix ML Function
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Relative errors in the computed E. g(—R) for the Redheffer matrix of size 20 x 20
and different o and 3.

e The Redheffer matrix R (Barrett & Jarvis, 1992):
W is square with r; = 1 if j divides j or if j = 1 and otherwise r; = 0; and

B has n— |log, n| — 1 e'vals s equal to 1.
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» The multiprecision Schur—Parlett algorithm
W requires at most 2n®/3 flops in higher precision,

B has similar accuracy to the Schur—Parlett, and

B needs no derivatives, so greatly expands the class of readily
computable functions.

m implicitly computes the required derivatives by finite difference
using higher precision?

N. J. Higham and X. Liu.
MIMS EPrint 2020.19, September 2020. Revised March 2021.

» Codes available at https://github.com/Xiaobo-Liu/mp-spalg

Thank you the SIAM Student Travel Award for supporting the presentation!
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