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@ STy HODLR Matrix

Hierarchical Off-Diagonal Low-Rank (HODLR) matrices: a class of
hierarchical matrices, used as data-sparse approximations of non-sparse
matrices.
m Key property:
m Hierarchical partitioning of off-diagonal blocks reveals rank deficiency at
levels 1,2, -+, ¢ (given tree depth ¢)
m Off-diagonal blocks stored as low-rank (rank < p) matrix products UVT
m Reduced storage and arithmetic cost:
m O(pnlogn) storage cost: O(np) for each level x O(logn) levels
m Typically (’)(po‘nlogﬁ n), a, f € {1,2} arithmetic operation cost, e.g.,
matrix—vector product, matrix multiplication, inversion, and
factorizations
m Applications: kernel methods, integral equations, covariance
matrices, etc.
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A COMPUTATIONAL METHODS IN . . . . .
\6‘! sysTems anp conTroL THEORY  HODLR Matrix: Visualization and Construction

Convert a matrix into HODLR format:

+
— m ] &
iL +|'I++_+ 4E$ .
1
| CH L ims L T

(k+1) H(k+1)
1. Partition H®) into %k ) H%%H)
21 22

(k+1)(v2(k+1))T and

2. Compute low-rank approximations H(kH) ~ U,
H(k-i—l) U(k+1) (V(k—I—l))

51 until bottom level/min block size reached
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m«@ USRSy (p,2)-HODLR Matrix

To quantify the error incurred in the low-rank factorization of the
off-diagonal blocks, we introduced the definition.

Definition ((p,c)-HODLR matrix)

H is defined to be a (p, )-HODLR matrix to a p-HODLR matrix H, if
every off-diagonal block at any level k satisfies

V2 — B e <elHPlr, 0<e<l.

e Rank-constrained ~~ (practically) tolerance-constrained HODLR format.
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wy@ USRSy (p,2)-HODLR Matrix

To quantify the error incurred in the low-rank factorization of the
off-diagonal blocks, we introduced the definition.

Definition ((p,c)-HODLR matrix)

H is defined to be a (p,e)-HODLR matrix to a p-HODLR matrix H, if
every off-diagonal block at any level k satisfies

~ (& 2 k
1BY — 8P r <l HP|r, 0<e<1.

e Rank-constrained ~~ (practically) tolerance-constrained HODLR format.

Theorem (Approximation error in diagonal blocks)

Let H be a (p,)-HODLR matrix associated with H. Then for the HODLR
matrices H i =1: 2%, at level k € {0,..., ¢}, it holds that

i !

77 (k) (k) (k) . 4.0k
|Hy" — Hy llF <ellHy ||F, i=1:2"
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@ comunmonweoos - Floating-point Arithmetics

Computers can represent numbers as
r=4m-2°

where
m m is a t-digit number in [0, 2)

m ¢ is an integer between ey, and epax (in IEEE 754 epin = 1 — emax)

Table: Parameters of five floating point formats.

Signif. Exp.
Type bits (t) bits  Range u=2"1
fp8-q52 3 5 10%5 1.3 x 10~1
bfloatl6 8 8 10538 3.9 x 1073
binaryl6 11 5 10%5 49 x 1074
binary32 24 8 10538 6.0x 1078
binary64 53 11 10%398 1.1 x 10716

e Lower precision ~- faster flops, less comm., lower energy consumption.
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COMPUTATIONAL METHODS IN

svstems anp controL theory  Mlixed-precision HODLR Representation

Idea: Reduced precisions for storing off-diagonal blocks in different levels
1 k<« 0,H «+ HO
2: while k < ¢ do
3 fori:=1:2"do

ﬁéf—i_ll)zl — U2(f+11)(V(k+1))T [Compute in u, and store in ug1]

Héf;l)l — U(kﬂ)(VQ(Zk—'—ll))T [Compute in u, and store in u1]

end for
k+—k+1
end while
fori:=1: 2€ do
10: H(g) — H; ) [Store Hi(ﬁ) in ul
11: end for
Define & := max);_j—y | H AP |p/IIH|p, 1< k< 0 0f uy < e/(262,),
then ||H — H||r < (2w/47%*1)8HfTHF

o Mixed-precision representation error comparable to |[H — H||p < | H|| .

e e Na -
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@ commeionacueore - Datasets from SuiteSparse

Table: Summary of test matrices from the SuiteSparse collection.

Dataset Size Nonzeros Description

saylr3 1,000 3,750 Computational fluid dynamics problem
LeGresley_2508 2,508 16,727 Power network problem

ex37 3,565 67,591 Computational fluid dynamics problem
1138_bus 1,138 4,054 Power network problem

bcsstk08 1,074 12,960 Structural problem

cavityl8 4,562 138,040 Computational fluid dynamics problem

Schur complement in use: correspond to root separator of hierarchical
partitionings, whose approximation crucial in sparse linear solvers
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” COMPUTATIONAL METHODS IN - a » .
Qﬂ@ svstems anp conroL Theory  Mlixed-precision HODLR Representation

(a) saylr3 (b) LeGresley_2508

Figure: Chosen precisions: left: {bf16, (p106, fp16, fp32, fp32, fp32}; right: {q52,
fp32, fp32, fp32, fp32, fp32}.

m Depth /=6, ¢ =104

m Set of available precisions {q52, bf16, p16, fp32, fp64}
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COMPUTATIONAL METHODS IN . .. .
Mixed-precision HODLR: Reconstruction Error

SYSTEMS AND CONTROL THEORY
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Figure: Top: ex37; bottom: 1138_bus. z-axis: &; y-axis:
m Finite precision/low-rank approximation error dominates as ¢ varies

m fp64 not needed for satisfying the error bound
n HODLR matrices
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A COMPUTATIONAL METHODS IN . . . .
Q&’@ svstems anp controL Theory  Mlixed-precision HODLR : Storage Reduction

Setting: ¢ = 8. Storage cost computed as total bits used for storing the
low-rank factors in each level.

2 2 2 2

-

0 0 0 0

(a) besstk08 (b) cavity18 (c) ex37 (d) LeGresley_2508

Figure: Storage savings of mixed-precision HODLR matrices relative to uniform
(double) precision HODLR matrices. Purple: ¢ = 10~7, green: ¢ = 10~%, blue:
e=10""%

m Storage savings increase as ¢ increases
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@ o o ooy Matrix—vector Product: Algorithm

e Matrix—vector products by level, using the low-rank approximations
1: b+~ 0eR"
2: for k=1:/do
3 Partition b into 2* blocks, i.e., (b*)2",
)

4. Partition z into 2¥ blocks, i.e., (xfk )2

5. fori=1:2""1do

6 bgz)_l — bg:)—l + UQ(fll(VQ(ik))Txg;) [Compute in precision u]
7: bg;) — bg;) + UZ(f)(VZ(i]?l)ng];)—l [Compute in precision u]
8: end for

9: end for

10: for i =1: 2" do
11: bl@ — bl(e) + Hi(,i)l‘l@) [Compute in precision ]
12: end for

Thought: Approximation errors in the off-diagonal blocks, reduced
precision?
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w&@ comumowwerionem o+ i vector Product: New Results

Idea: Balance the approximation error in H (mixed-precision HODLR
representation) and the finite-precision computation error in b+ Hzx.

Lemma (Working precision for matrix—vector products)

Let A= A, = XpEpYZDT =P | oiz;yl be the best rank-p approximation.

Then the finite precision computation error in b = fi(Apz) < the low-rank
approximation error, if the working precision has unit roundoff

u < opt1/(pnoi).

e [ntuition: more inexact the low-rank representation, lower the precision
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m«@ comumowwerionem o+ i vector Product: New Results

Idea: Balance the approximation error in H (mixed-precision HODLR
representation) and the finite-precision computation error in b+ Hzx.

Lemma (Working precision for matrix—vector products)

e Al e A = 005 Y azmzy be the best rank-p approximation.

Then the finite precision computat/on error in b = fi(Apz) < the low-rank
approximation error, if the working precision has unit roundoff

u < opt1/(pnoi).

e Intuition: more inexact the low-rank representation, lower the precision

Theorem (Working precision and backward error)

Ifb= Haz is computed (in the usual fashion of HODLR matrix—vector
product) in a working precision u < €/n, then the computed b satisfies

b=Af(Hz) = (H+ AH)z, [|AH|r < OQ7)e|H]|r.

e If u < e/n, overall error dominated by the matrix representation error

Mixed precision HODLR matrices
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COMPUTATIONAL METHODS IN . o
@ svstems anp contro ieory  IMla@trix-vector Product: Test Matrices

Kernel matrix K:

0 Kij:{z%y, it @ #y;

1, otherwise.

(”) K” — 0og ||IL' x]||2 | T # Y
0, otherwise.
Evaluated at 1D and 2D point sets:
m Set s1: A set of uniform grid points in [0, 1].

m Set sa: A set of uniform grid points in [—1,1] x [—1,1].

1. mat-1 generated by kernel (i) at s1; n = 2000.
2. mat-2 generated by kernel (ii) at s2; n = 2000.
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m@_@gsxzw;:;'ss@wf;:ﬁ:gsm Matrix—vector Product: Experiments

Setting: ¢ = 8, = generated from U(1, 1), in different working precisions

10°

106

Y . S S B SR -
le-14 le-12 le-10 le-08 le-06 le-04 le-02 le-14 le-12 le-10 1e-08 1e-06 le-04 le-02
-©-fp64 -%-fp32 -3 'bf16 ~*~error bound -©-fp64 —¥-fp32 -3 bf16 e-error bound
(a) mat-1 (b) mat-2

Figure: z-axis: e; y-axis: averaged ||b— Hz||p/| K|z ||| from 10 runs.

m Finite precision/low-rank approximation error dominates as ¢ varies
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e b eontae sy LU Factorization: Algorithm

HODLR LU factorization: H ~ LU: H ~ Eﬁ . Ed

Key steps in the recursive algorithm:
(k+1) H(k—H)
1: Partition H*) into (k Ly R
Hy, Hyy
. L1y, Uy + HODLR LU(H Y |4 1)
E+1
s
Hy,

. Uia < Solve triangular system L11Ujp =

: HSy Hégﬂ) — L21Ur2 (possible rank-p truncation to (p,s)-HODLR)
0 Lo, U +— HUDLR_LU(HSQ, k+ 1)

Ly } [Un U12:|
7. L+ LU +—
[ Ly U2

e At the bottom level k = ¢, dense LU factorization of Hi(f) is computed.

2
3
4: Loy < Solve triangular system Lo1Uy1 =
5
6
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compuranionaL mertionsin . LU Factorization: Error Bound

Theorem (Working precision and backward error)

Let H be the mixed-precision (-level HODLR representation. If the LU
decomposition of H is computed in a working precision u < e/n, then the
LU factorization of H satisfies

LU = H + AH, ||AH||r S 02| Hllr + O@)e| L]IT]| .

e For a relatively large ¢ (a coarse approximation), we can compute the LU
factorization in a low precision without affecting the backward error
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o o rseon - LU factorization: Experiments

Example matrix: ex37, in different working precisions

10* T T T T T 10*

10 . . . —16 I . . . .
le-14 le-12 le-10 1e-08 le-06 le-04 le-02 le-14 le-12 le-10 le-08 1e-06 le-04 le-02

-©-fp64 -¥-fp32 -E=5-bf16 ~e-error bound ~@-fp64 —¥-fp32 -~ bf16 ~e-error bound
. . . . LU-A
Figure: x-axis: €; y-axis: relative backward error %

m Smaller € requires higher precision for balancing the overall error
m Low-rank approximation error dominates after around the level £ ~ u

Mixed precision HODLR matrices


mailto:xliu@mpi-magdeburg.mpg.de

: COMPUTATIONAL METHODS IN H
@ SYSTEMS AND CONTROL THEORY Conc|US|0ns

Mixed-precision approach for storing and operating with HODLR matrices:
m Global representation error of mixed-precision HODLR matrices
m Backward error of HODLR matrix—vector products

m Backward error of LU factorization of HODLR matrices

~~ Larger approximation parameter, lower the precision can be used

pi-magdeburg.mpg.de Mixed precision HODLR matrices
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COMPUTATIONAL METHODS IN ]
@ SYSTEMS AND CONTROL THEORY Conc|US|0ns

Mixed-precision approach for storing and operating with HODLR matrices:
m Global representation error of mixed-precision HODLR matrices
m Backward error of HODLR matrix—vector products

m Backward error of LU factorization of HODLR matrices
~~ Larger approximation parameter, lower the precision can be used

e Error analyses remain applicable for uniform-precision HODLR matrices

» E. Carson, X. Chen, X. Liu. Mixed precision HODLR matrices. SIAM J.
Sci. Comput., 47(3):A1408-A1435, 2025.

» Software: https://github.com/chenxinye/mhodlr
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i COMPUTATIONAL METHODS IN =
:@ SYSTEMS AND CONTROL THEORY Conc|US|0ns

Mixed-precision approach for storing and operating with HODLR matrices:

m Global representation error of mixed-precision HODLR matrices
m Backward error of HODLR matrix—vector products

m Backward error of LU factorization of HODLR matrices
~~ Larger approximation parameter, lower the precision can be used

e Error analyses remain applicable for uniform-precision HODLR matrices
» E. Carson, X. Chen, X. Liu. Mixed precision HODLR matrices. SIAM J.
Sci. Comput., 47(3):A1408-A1435, 2025.

» Software: https://github.com/chenxinye/mhodlr

Next?
m Error analysis for fused multiply-add (for the Schur complement in LU)

m Mixed precision in more general hierarchical formats
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